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❙♦❧✈✐♥❣ ♠✉❧t✐✲st❛❣❡ st♦❝❤❛st✐❝ ♠✐①❡❞ ✐♥t❡❣❡r
❧✐♥❡❛r ♣r♦❣r❛♠s ❜② t❤❡ ❞✉❛❧ ❞②♥❛♠✐❝
♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤
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∗ †
Pr♦❥❡❝t✲❚❡❛♠s ❈♦♠♠❛♥❞s
❘❡s❡❛r❝❤ ❘❡♣♦rt ♥➦ ✼✽✻✽ ✖ ❏❛♥✉❛r② ✷✻✱ ✷✵✶✷ ✖ ✷✾ ♣❛❣❡s
❆❜str❛❝t✿ ❲❡ ❝♦♥s✐❞❡r ❛ ♠♦❞❡❧ ♦❢ ♠❡❞✐✉♠✲t❡r♠ ❝♦♠♠♦❞✐t② ❝♦♥tr❛❝ts ♠❛♥❛❣❡♠❡♥t✳ ❘❛♥❞♦♠✲
♥❡ss t❛❦❡s ♣❧❛❝❡ ♦♥❧② ✐♥ t❤❡ ♣r✐❝❡s ♦♥ ✇❤✐❝❤ t❤❡ ❝♦♠♠♦❞✐t✐❡s ❛r❡ ❡①❝❤❛♥❣❡❞✱ ✇❤✐❧st st❛t❡ ✈❛r✐❛❜❧❡
✐s ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧✱ ❛♥❞ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡ ✐s ✐♥t❡❣❡r✳ ■♥ ❬✼❪✱ ✇❡ ♣r♦♣♦s❡❞ ❛♥ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥
t❤❡ q✉❛♥t✐③❛t✐♦♥ ♦❢ r❛♥❞♦♠ ♣r♦❝❡ss ❛♥❞ ❛ ❞✉❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ t②♣❡ ❛♣♣r♦❛❝❤ t♦ s♦❧✈❡ t❤❡
❝♦♥t✐♥✉♦✉s r❡❧❛①❛t✐♦♥ ♣r♦❜❧❡♠✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ st✉❞② t❤❡ ♠✉❧t✐✲st❛❣❡ st♦❝❤❛st✐❝ ♠✐①❡❞ ✐♥t❡❣❡r
❧✐♥❡❛r ♣r♦❣r❛♠ ✭❙▼■▲P✮ ❛♥❞ s❤♦✇ t❤❡ ❞✐✣❝✉❧t② ✇❤❡♥ ✉s✐♥❣ ❞✉❛❧ ♣r♦❣r❛♠♠✐♥❣ t②♣❡ ❛❧❣♦r✐t❤♠✳
❲❡ ♣r♦♣♦s❡ ❛♥ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ ❬✼❪✱
✇❤✐❝❤ ❣✐✈❡s ❛♥ ✉♣♣❡r ❛♥❞ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ❛♥❞ ❛ s✉❜✲♦♣t✐♠❛❧ ✐♥t❡❣❡r s♦❧✉t✐♦♥✳
❋✐♥❛❧❧②✱ ❛ ♥✉♠❡r✐❝❛❧ t❡st ♦♥ ❛ r❡❛❧ ♣r♦❜❧❡♠ ✐♥ ❡♥❡r❣② ♠❛r❦❡t ✐s ♣r♦✈✐❞❡❞✳
❑❡②✲✇♦r❞s✿ ✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣✱ st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣✱ ❞✉❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✱ ❝✉tt✐♥❣
♣❧❛♥❡ ♠❡t❤♦❞✳
∗ ❚❤❡ r❡s❡❛r❝❤ ♦❢ t❤✐s ❛✉t❤♦r ✇❛s s✉♣♣♦rt❡❞ ❜② ❛♥❞ ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ ❚♦t❛❧ ❙✳❆✳ ❞✉r✐♥❣
❤✐s P❤✳❉✳ st✉❞②✳
† ❈❖▼▼❆◆❉❙ t❡❛♠✱ ■◆❘■❆✲❙❛❝❧❛② ❛♥❞ ❈▼❆P✱ ❊❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡✱ P❛❧❛✐s❡❛✉✱ ❋r❛♥❝❡
✭③❤✐❤❛♦✳❝❡♥❅♣♦❧②t❡❝❤♥✐q✉❡✳❡❞✉✮✳
❘és♦❧✉t✐♦♥ ❞✬✉♥ ♣r♦❣r❛♠♠❛t✐♦♥ ❧✐♥é❛✐r❡ ❡♥
♥♦♠❜r❡ ❡♥t✐èr❡ st♦❝❤❛st✐q✉❡ ❞❡ ♠✉❧t✐ ét❛♣❡s ♣❛r
❧❛ ♣r♦❣r❛♠♠❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❞✉❛❧❡
❘és✉♠é ✿ ◆♦✉s ❝♦♥s✐❞ér♦♥s ✉♥ ♠♦❞è❧❡ ❞❡ ❣❡st✐♦♥ ❞❡ ❝♦♥tr❛ts ❞❡ ♠❛t✐èr❡s
♣r❡♠✐èr❡s à ♠♦②❡♥ t❡r♠❡✳ ❉❛♥s ❝❡ ♣r♦❜❧è♠❡ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ st♦❝❤❛st✐q✉❡✱ ❡♥
♥♦♠❜r❡ ❡♥t✐❡r ❡t ❡♥ ♣❧✉s✐❡✉rs ét❛♣❡s✱ ❧❡s ❛❧é❛s ♥❡ ♣♦rt❡♥t q✉❡ s✉r ❧❛ ❞②♥❛♠✐q✉❡
❞❡ ♣r✐①✱ ❧❛ ✈❛r✐❛❜❧❡ ❞✬ét❛t ❡st ♠✉❧t✐ ❞✐♠❡♥s✐♦♥♥❡❧❧❡✱ ❡t ❧❛ ✈❛r✐❛❜❧❡ ❞❡ ❝♦♥trô❧❡ ❡st
❡♥ ♥♦♠❜r❡ ❡♥t✐❡r✳ ❉❛♥s ❬✼❪✱ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦✉r ❧❡ ♣r♦❜❧è♠❡
❡♥ r❡❧❛①❛t✐♦♥ ❝♦♥t✐♥✉❡✱ ❜❛sé s✉r ❧❛ ♠ét❤♦❞❡ ❞❡ q✉❛♥t✐✜❝❛t✐♦♥ ❞❡ ♣r♦❝❡ss✉s ❛❧é❛✲
t♦✐r❡✱ ❡t ❧✬❛♣♣r♦❝❤❡ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❞✉❛❧❡✳ ❉❛♥s ❝❡t ❛rt✐❝❧❡✱ ♥♦✉s
ét✉❞✐♦♥s ❧❡ ♣r♦❜❧è♠❡ ❡♥ ♥♦♠❜r❡ ❡♥t✐❡r✱ ❡t ♥♦✉s ♠♦♥tr♦♥s ❧❛ ❞✐✣❝✉❧té q✉❛♥❞ ♦♥
✉t✐❧✐s❡ ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ t②♣❡ ♣r♦❣r❛♠♠❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❞✉❛❧❡✳ ◆♦✉s ♣r♦♣♦s♦♥s
✉♥ ❛❧❣♦r✐t❤♠❡ s✉r ❧❛ ♠ét❤♦❞❡ ❞❡ ❝♦✉♣❡ ❤②♣❡r♣❧❛♥ ❝♦♠❜✐♥é❡ ❛✈❡❝ ❧✬❛❧❣♦r✐t❤♠❡
♣r♦♣♦sé ❞❛♥s ❬✼❪✱ q✉✐ ❞♦♥♥❡ ❧❡s ❜♦r♥❡s s✉♣ér✐❡✉r❡s ❡t ✐♥❢ér✐❡✉r❡s ❡t ✉♥❡ s♦❧✉t✐♦♥
s♦✉s✲♦♣t✐♠❛❧❡ ❡♥ ♥♦♠❜r❡ ❡♥t✐❡r✳ ❊♥✜♥✱ ✉♥ t❡st ♥✉♠ér✐q✉❡ ❞✉ ♣r♦❜❧è♠❡ ré❡❧ s✉r
❧❡ ♠❛r❝❤é ❞✬é♥❡r❣✐❡ ❡st ❢♦✉r♥✐✳
▼♦ts✲❝❧és ✿ ♣r♦❣r❛♠♠❛t✐♦♥ ❡♥ ♥♦♠❜r❡ ❡♥t✐❡r✱ ♣r♦❣r❛♠♠❛t✐♦♥ st♦❝❤❛st✐q✉❡✱
♣r♦❣r❛♠♠❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❞✉❛❧❡✱ ♠ét❤♦❞❡ ❞❡ ❝♦✉♣❡ ❤②♣❡r♣❧❛♥✳
❙▼■▲P ❜② ❉❉P ✸
✶ ■♥tr♦❞✉❝t✐♦♥
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ st✉❞② ❛ ❝❧❛ss ♦❢ ♣r♦❜❧❡♠s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡tt✐♥❣✳ ❋✐rst ♦❢
❛❧❧✱ ✇❡ ❝♦♥s✐❞❡r ❛ ✉♥✐❢♦r♠ ❞✐s❝r❡t❡ t✐♠❡ t ∈ {0, 1, . . . , T}✱ ❛♥❞ ❛ ❞✐s❝r❡t❡ t✐♠❡
▼❛r❦♦✈ ♣r♦❝❡ss (ξt) ✐♥ t❤❡ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡
(
Ω, (Ft),P; Γt =
{
ξ1t , . . . , ξ
Nt
t
})
✇✐t❤ ♣r♦❜❛❜✐❧✐t② tr❛♥s✐t✐♦♥
pijt = P
[
ξt = ξ
j
t+1 | ξt = ξ
i
t
]
. ✭✶✮
❚❤❡ ❝❛♥♦♥✐❝ ✜❧tr❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ (ξt) ✐s ❞❡♥♦t❡❞ ❜② Ft := σ(ξs, 0 ≤ s ≤ t)✳
■❢ (ξt) ❤❛s ❛ ❝♦♥t✐♥✉♦✉s ❞✐str✐❜✉t✐♦♥ L
2(Ω, (Ft),P;R
d)✱ ✇❡ r❡❢❡r t♦ ❇❛❧❧② ❛♥❞
P❛❣ès ❬✹❪✱ ❍❡✐ts❝❤ ❡t ❛❧✳ ❬✶✹❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r ✈❛r✐♦✉s ❞✐s❝r❡t✐③❛t✐♦♥
♠❡t❤♦❞s ❛♥❞ t❤❡ ❡rr♦r ❛♥❛❧②s✐s✳ ❚❤❡ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s st✐❧❧
✈❛❧✐❞ ✉s✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛t✐♦♥ ✐♥ ♦✉r ♣r❡✈✐♦✉s ♣❛♣❡r ❬✼❪✳ ❚❤❡r❡❢♦r❡✱
✇✐t❤♦✉t ❧♦s❡ ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❛ss✉♠❡ ❤❡r❡ t❤❛t (ξt) ✐s ❛ ✜♥✐t❡ st❛t❡ ▼❛r❦♦✈
❝❤❛✐♥✳
❚❤❡ st♦❝❤❛st✐❝ ❞②♥❛♠✐❝ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥✿
inf E
[
T−1∑
t=0
ct(ξt)ut + g(ξT , xT )
]
s✉❜❥❡❝t t♦ ut : (Ω,Ft)→ Ut ∩ Z
n,
xt+1 = xt +Atut,
x0 = 0, xT ∈ XT , ❛❧♠♦st s✉r❡❧②;
✭✷✮
✇❤❡r❡ ut ✐s t❤❡ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡✱ Ut ✐s ❛ ❝♦♠♣❛❝t ♥♦♥❡♠♣t② ❝♦♥✈❡① ♣♦❧②❤❡❞r❛❧
s❡t ✐♥ Rn❀ xt ∈ R
m r❡♣r❡s❡♥ts t❤❡ st❛t❡ ✈❛r✐❛❜❧❡✱ XT ✐s t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ✜♥❛❧
st❛❣❡ st❛t❡s ✈❛r✐❛❜❧❡ xT ❛ss✉♠❡❞ t♦ ❜❡ ❛ ♥♦♥❡♠♣t② ❝♦♠♣❛❝t ❝♦♥✈❡① ♣♦❧②❤❡❞r❛❧
s❡t ✐♥ Rm❀ At ∈ R
m×n ✐s t❤❡ t❡❝❤♥♦❧♦❣② ♠❛tr✐①❀ ct(·) : R
d → Rn ✐s t❤❡ r✉♥♥✐♥❣
❝♦st ♣❡r ✉♥✐t✱ ❛ss✉♠❡❞ t♦ ❜❡ ▲✐♣s❝❤✐t③❀ gt(ξ, x) ✐s t❤❡ ✜♥❛❧ ❝♦st ❢✉♥❝t✐♦♥✱ ❛ss✉♠❡❞
t♦ ❜❡ ❝♦♥✈❡① ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ✐♥ x✱ ❛♥❞ ▲✐♣s❝❤✐t③ ✐♥ (ξ, x)✳
❆ss✉♠♣t✐♦♥ ✶✳✶✳ ❚❤❡ t❡❝❤♥♦❧♦❣② ♠❛tr✐① At ✐s ✐♥t❡❣❡r✳
❚❤✐s ❛ss✉♠♣t✐♦♥ ❛❧❧♦✇s t♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ xt ✐s ✐♥t❡❣❡r✳ ■t
✐s s❛t✐s✜❡❞ ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ t❤❛t ♠♦t✐✈❛t❡❞ t❤✐s ✇♦r❦ ✕ ▲◆● ♣♦rt❢♦❧✐♦ ♦♣t✐✲
♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭s❡❡ ❙❡❝t✐♦♥ ✼✮✳
■♥ ♦✉r ♣❛♣❡r ❬✼❪✱ ✇❡ ❢♦❝✉s❡❞ ♦♥ t❤❡ ✇❛② t♦ s♦❧✈❡ ♥✉♠❡r✐❝❛❧❧② t❤❡ ❝♦♥t✐♥✉♦✉s
r❡❧❛①❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ ✭✷✮✱ ✐✳❡✳
inf E
[
T−1∑
t=0
ct(ξt)ut + g(ξT , xT )
]
s✉❜❥❡❝t t♦ ut : (Ω,Ft)→ Ut,
xt+1 = xt +Atut,
x0 = 0, xT ∈ XT , ❛❧♠♦st s✉r❡❧②.
✭✸✮
❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ s❡♥s✐t✐✈✐t② ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s r❡❧❛①✲
❛t✐♦♥ ♣r♦❜❧❡♠ ✭✸✮ ✐♥ ❬✽❪✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞
♦❢ t❤❡ ✐♥t❡❣❡r ♣r♦❜❧❡♠ ✭✷✮✳
❘❘ ♥➦ ✼✽✻✽
❙▼■▲P ❜② ❉❉P ✹
❚❤❡ ♠✉❧t✐✲st❛❣❡ st♦❝❤❛st✐❝ ♠✐①❡❞ ✐♥t❡❣❡r ❧✐♥❡❛r ♣r♦❣r❛♠s ✭❙▼■▲P✮ ❛r❡ ❛♠♦♥❣
t❤❡ ♠♦st ❝❤❛❧❧❡♥❣✐♥❣ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❜❡❝❛✉s❡ t❤❡② ❝♦♠❜✐♥❡ t✇♦ ❣❡♥❡r✲
❛❧❧② ❞✐✣❝✉❧t ❝❧❛ss❡s ♦❢ ♣r♦❜❧❡♠s✿ st♦❝❤❛st✐❝ ♣r♦❣r❛♠s ❛♥❞ ❞✐s❝r❡t❡ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠s✳ ❘❡s❡❛r❝❤❡rs ❤❛✈❡ ❛❝t✐✈❡❧② st✉❞✐❡❞ t❤❡ ♣r♦♣❡rt✐❡s ❛♥❞ s♦❧✉t✐♦♥s ❛♣✲
♣r♦❛❝❤❡s ❢♦r s✉❝❤ ♣r♦❜❧❡♠s ✐♥ t❤❡ ♣❛st ❞❡❝❛❞❡s✳ ❲❡ r❡❢❡r t♦ t❤❡ s✉r✈❡②s ❜② ❙❡♥
❬✷✸❪✱ ❆❤♠❡❞ ❬✶❪ ❛♥❞ ✈❛♥ ❞❡r ❱❧❡r❦ ❬✶✺❪ ❢♦r s♦♠❡ ♠❛❥♦r r❡s✉❧ts ✐♥ t❤✐s ❛r❡❛ ❛♥❞ ❛♥
❛♥♥♦t❛t❡❞ ❜✐❜❧✐♦❣r❛♣❤②✳ ▼♦st ♣❛♣❡rs ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ❤❛✈❡ ❢♦❝✉s❡❞ ♦♥ t✇♦ st❛❣❡
❙▼■▲P✳ ❱❛r✐♦✉s ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r ❙▼■▲P ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ❢♦r ❞✐❢✲
❢❡r❡♥t ❝❛s❡s✳ ❲❡ ❝✐t❡ ❬✷✱ ✷✹✱ ✷✻✱ ✷✽✱ ✷✾✱ ✷✶✱ ✷✵❪ ❢♦r r❡❝❡♥t❧② ❞❡✈❡❧♦♣♠❡♥t✱ t❤❛t
♠♦st t❤❡s❡ ❝♦♠❜✐♥❡ ❜r❛♥❝❤ ❛♥❞ ❜♦✉♥❞ ♠❡t❤♦❞ t♦ ❞❡❛❧ ✇✐t❤ ✐♥t❡❣❡r ❝♦♥str❛✐♥t✳
❍♦✇❡✈❡r✱ ♠✉❧t✐✲st❛❣❡ ❙▼■▲P ♣r♦❜❧❡♠s ❤❛✈❡ ❜❡❡♥ ♠✉❝❤ ❧❡ss st✉❞✐❡❞✳ ❊①❛❝t s♦✲
❧✉t✐♦♥ ♠❡t❤♦❞ ✐s ✐♥ ❣❡♥❡r❛❧ ❜❛s❡❞ ♦♥ ❜r❛♥❝❤ ❛♥❞ ❜♦✉♥❞ t②♣❡ ❛❧❣♦r✐t❤♠✳ ▲✉❧❧✐
❛♥❞ ❙❡♥ ❬✶✼❪ ♣r♦♣♦s❡ ❛♥ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ ❜r❛♥❝❤ ❛♥❞ ♣r✐❝❡ ♠❡t❤♦❞✳ ❈❛rø❡
❛♥❞ ❙❝❤✉❧t③ ❬✶✵❪ ♣r♦♣♦s❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❣♦r✐t❤♠ ✇✐t❤ ▲❛❣r❛♥❣✐❛♥ r❡❧❛①❛t✐♦♥
❛♥❞ ❜r❛♥❝❤ ❛♥❞ ❜♦✉♥❞ ♠❡t❤♦❞ ❢♦r ♣r♦❜❧❡♠s ❤❛✈✐♥❣ ❣❡♥❡r❛❧ ✐♥t❡❣❡r ✈❛r✐❛❜❧❡s✳
❙♦♠❡ ❤❡✉r✐st✐❝ ♠❡t❤♦❞s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✳ ▲ø❦❦❡t❛♥❣❡♥ ❛♥❞ ❲♦♦❞r✉✛
❬✶✻❪ s♦❧✈❡ ♠✉❧t✐✲st❛❣❡ ❙▼■▲P ♦❢ ❜✐♥❛r② ✈❛r✐❛❜❧❡s ❜② ❛♣♣❧②✐♥❣ ❛ ❤❡✉r✐st✐❝ ❝♦♠✲
❜✐♥✐♥❣ t❤❡ ♣r♦❣r❡ss✐✈❡ ❤❡❞❣✐♥❣ ❛❧❣♦r✐t❤♠ ✇✐t❤ t❛❜✉ s❡❛r❝❤✳ ▲✉❧❧✐ ❛♥❞ ❙❡♥ ❬✶✽❪
❛❧s♦ ❞❡✈❡❧♦♣ ❛ ❤❡✉r✐st✐❝ ♣r♦❝❡❞✉r❡ ❜❛s❡❞ ♦♥ s✉❝❝❡ss✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ s❝❡♥❛r✐♦
✉♣❞❛t✐♥❣ ♠❡t❤♦❞✳
■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❞✐✣❝✉❧t ♣♦✐♥ts ✐♥ ♠✉❧t✐✲st❛❣❡ ❙▼■▲P✱ ❛♥❞
❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞✳ ❙✐♥❝❡ ♦✉r ♠❡t❤♦❞♦❧♦❣② r❡❧✐❡s ♦♥ st❛❣❡✲✇✐s❡ ❞❡❝♦♠✲
♣♦s✐t✐♦♥ ❛♥❞ ❞✉❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠ t②♣❡ ❛❧❣♦r✐t❤♠✱ t❤❡ ♠❛✐♥ ✐❞❡❛ ❤❡r❡ ✐s t♦
❛♣♣r♦①✐♠❛t❡ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛s ✇❡❧❧ ❛s ♣♦ss✐❜❧❡✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✇❡❧❧
❦♥♦✇♥ t❤❛t ♦♥❝❡ ✇♦r❦✐♥❣ ✇✐t❤ ✐♥t❡❣❡r ❝♦♥str❛✐♥ts✱ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥
❞♦❡s ♥♦t ❤❛✈❡ ❝♦♥✈❡①✐t② ❛♥②♠♦r❡✳ ❚❤✉s✱ ♦✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡
❝♦♥✈❡① ❤✉❧❧ ♦❢ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳
❚❤✐s ❛rt✐❝❧❡ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ✇❡ ❣✐✈❡ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❢♦r✲
♠✉❧❛ ✐♥ ❙❡❝t✐♦♥ ✷✱ ❛♥❞ ❞✐s❝✉ss t❤❡ ❢❡❛s✐❜❧❡ s❡t ✐♥ ❙❡❝t✐♦♥ ✸✳ ❲❡ ♣r♦✈✐❞❡ ❛ ✜rst
❤❡✉r✐st✐❝ ♠❡t❤♦❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ▼❛✐♥ ❞✐s❝✉ss✐♦♥ ♦❢ ❞✐✣❝✉❧t✐❡s ❛♥❞ s♦♠❡ ♣♦ss✐❜❧❡
✐♠♣r♦✈❡♠❡♥t ♣♦✐♥ts ❜② t❤❡ ❝✉tt✐♥❣ ♣❧❛♥ t❡❝❤♥✐q✉❡ ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✺ ❛♥❞ ✐♥
❙❡❝t✐♦♥ ✻✳ ❋✐♥❛❧❧②✱ ❛ ♥✉♠❡r✐❝❛❧ t❡st ❜❛s❡❞ ♦♥ ❛ r❡❛❧ ❡♥❡r❣② ♠❛r❦❡t ♣r♦❜❧❡♠ ✐s
♣r♦✈✐❞❡❞ ✐♥ ❙❡❝t✐♦♥ ✼✳
✷ ❉②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡
❚❤❡ ✐♥t❡❣❡r ♣r♦❜❧❡♠ ✭✷✮ ❤❛s t❤❡ ❞❡s✐r❡❞ str✉❝t✉r❡ ❢♦r t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣
♣r✐♥❝✐♣❧❡ t♦ ❤♦❧❞ ✭s❡❡ ❬✷✼✱ ❈❤❛♣t❡r ✸❪✮✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt② ♦❢ (xt, ξt)✱
✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ❛t st❛❣❡ t✱ ❞❡♥♦t❡❞ ❜② Qint(t, xt, ξt)✿
Qint(t, xt, ξt) := essinf E
[
T−1∑
s=t
cs(ξs)us + g(ξT , xT )
∣∣∣∣Ft
]
s✉❜❥❡❝t t♦ us : (Ω,Fs)→ Us ∩ Z
n, s = t, . . . , T − 1
xs+1 = xs +Asus,
xT ∈ XT ❛❧♠♦st s✉r❡❧②.
✭✹✮
❘❘ ♥➦ ✼✽✻✽
❙▼■▲P ❜② ❉❉P ✺
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ ✐s ❡❛s✐❧② ❡st❛❜❧✐s❤❡❞✿
Qint(t, xt, ξt) = essinf ct(ξt)ut +Q
int(t+ 1, xt+1, ξt)
s✉❜❥❡❝t t♦ ut ∈ Ut ∩ Z
n,
xt+1 = xt +Atut;
✭✺✮
✇❤❡r❡Qint(·, ·, ·) ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❛t t✐♠❡ t+1 ♦❜t❛✐♥❡❞
♦♥ st❛t❡ ✈❛❧✉❡ xt+1✿
Qint(t+ 1, xt+1, ξt) := E
[
Qint(t+ 1, xt+1, ξt+1) | Ft
]
= E
[
Qint(t+ 1, xt+1, ξt+1) |xt+1, ξt
]
;
✭✻✮
✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t xt+1 ✐s Ft ♠❡❛s✉r❛❜❧❡✳
❋✐♥❛❧❧② t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛t ✜♥❛❧ st❛❣❡ ✐s✿
Qint(T, xT , ξT ) =
{
g(ξT , xT ) ✐❢ xT ∈ XT ,
+∞ ♦t❤❡r✇✐s❡✳
✭✼✮
▲❡♠♠❛ ✷✳✶✳ ❚❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ Qint(t, xt, ξt) ❛♥❞ ✐ts ❝♦♥❞✐t✐♦♥❛❧
❡①♣❡❝t❛t✐♦♥ Qint(t, xt, ξt−1) ❛r❡ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ✐♥ xt✳
Pr♦♦❢✳ ❇❧❛✐r ❛♥❞ ❏❡r♦s❧♦✇ ❬✻❪ ❤❛✈❡ ♣r♦✈❡❞ t❤✐s ♣r♦♣❡rt② ❢♦r t❤❡ ❞❡t❡r♠✐♥✐st✐❝
❝❛s❡✳ ■♥ ♦✉r ❢r❛♠❡✇♦r❦✱ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❛♣♣❡❛rs ♦♥❧② ✐♥ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱
❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ✐s ❛ ❝♦♥t✐♥✉♦✉s✱ ✐♥❝r❡❛s✐♥❣ ♦♣❡r❛t♦r✱ t❤✉s t❤❡
❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ♣r♦♣❡rt② ✐s ❦❡♣t✳ ❚❤❡ ❧❡♠♠❛ ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❜② ❜❛❝❦✇❛r❞
✐♥❞✉❝t✐♦♥✳
❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ Qcont(t, xt, ξt) ❛♥❞ ✐ts
❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ Qcont(t, xt, ξt−1) ❢♦r t❤❡ ❝♦♥t✐♥✉♦✉s r❡❧❛①❛t✐♦♥ ♣r♦❜❧❡♠
✭✸✮✳ ❋♦r t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♣❡rt② ♦❢ Qcont(t, xt, ξt) ❛♥❞ Q
cont(t, xt, ξt−1)✱
r❡❛❞❡rs ❝❛♥ r❡❢❡r t♦ ❇♦♥♥❛♥s ❡t ❛❧✳ ❬✼❪✳
❈♦♠♣❛r❡❞ t♦ t❤❡ ❝♦♥t✐♥✉♦✉s ❢r❛♠❡✇♦r❦✱ ✇❡ ❧♦s❡ t❤❡ ❝♦♥t✐♥✉✐t② ❛♥❞ t❤❡ ❝♦♥✲
✈❡①✐t② ✐♥ t❤❡ ✐♥t❡❣❡r ❝❛s❡✳ ■♥❞❡❡❞✱ Qint(t, xt, ξt) ❛♥❞ Q
int(t, xt, ξt) ❛r❡ ✐♥ ❣❡♥❡r❛❧
♥♦♥✲❝♦♥✈❡① ❛♥❞ ❞✐s❝♦♥t✐♥✉♦✉s ✐♥ xt ✭s❡❡ ❡✳❣✳ ❙❝❤✉❧t③ ❡t ❛❧✳ ❬✷✷❪✮✳ ❲❡ ❝❛♥ ✐❧❧✉s✲
tr❛t❡ t❤✐s ❢❛❝t ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳
❊①❛♠♣❧❡ ✷✳✷✳ ❲❡ ✉s❡ t❤✐s ❡①❛♠♣❧❡ t♦ ❡①♣❧❛✐♥ t❤❡ ❞✐✣❝✉❧t ♣♦✐♥ts ❜② ❞✉❛❧ ❛♣✲
♣r♦①✐♠❛t✐♦♥ ❛♥❞ s❤♦✇ t❤❡ ♣♦ss✐❜❧❡ ✐♠♣r♦✈❡♠❡♥t ❜② t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞
✐♥ ♠✉❧t✐✲st❛❣❡ ❙▼■▲P ❛❧❧ t❤r♦✉❣❤ t❤❡ ♣❛♣❡r✳ ❚❤✐s ❡①❛♠♣❧❡ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛
s✉❜♣r♦❜❧❡♠ ♦❢ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣✳
Qint(x0) = essinf E [ξu0 + ϑ] ,
s✉❜❥❡❝t t♦ u0 ∈ [0, 3] ∩ Z,
x1 = x0 + 2u0, x1 ≤ 6,
ϑ ≥
x1 − 3
2
, ϑ ≥ −
x1 − 3
2
;
✭✽✮
✇❤❡r❡ ξ ∈ {−2, 0.5} t❤❛t ❡❛❝❤ t❛❦❡s ♣r♦❜❛❜✐❧✐t② 0.5✳ ❲❡ ❞❡♥♦t❡ ❜② Qint(x0, ξ)
t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❢♦r ❡❛❝❤ r❡❛❧✐③❛t✐♦♥ ♦❢ ξ✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♣r♦❜❧❡♠✱ ❢♦r
❡❛❝❤ r❡❛❧✐③❛t✐♦♥ ♦❢ ξ✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ ❢✉t✉r❡ ❝♦sts ❛♣♣r♦①✐♠❛t❡❞ ❜② ♦♣t✐♠❛❧✐t②
❝✉ts θ ✐s t❤❡ s❛♠❡✳ ❚❤❡ ❢✉♥❝t✐♦♥s Qint(x0, ξ) ❛♥❞ Q
int(x0) ❛r❡ ❞❡✜♥❡❞ ❢♦r
x0 ∈ [0, 3]✱ ❜✉t ✇❡ ❛r❡ ♠♦r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ✐♥t❡❣❡r ♣♦✐♥ts x0 ∈ {0, 1, 2, 3}✳
❚❤❡ ❢✉♥❝t✐♦♥s Qint(x0, ξ) ❛♥❞ Q
int(x0) ❛r❡ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✱ ❜♦t❤ ❛r❡ ♥♦♥✲
❝♦♥✈❡① ❛♥❞ ❞✐s❝♦♥t✐♥✉♦✉s ✐♥ x0✳
❘❘ ♥➦ ✼✽✻✽
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x01 2 3
Q
1
O
✭❛✮ Qint(x0, ξ = 0.5)
x01 2 3
Q
−1
−2
−3
−4
✭❜✮ Qint(x0, ξ = −2)
x01 2 3
Q
−1
−2
O
✭❝✮ Qint(x0)
❋✐❣✉r❡ ✶✿ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ Qint(x0, ξ) ❛♥❞ ✐ts ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥
Qint(x0)✳
✸ ❋❡❛s✐❜❧❡ s❡t
❚❤❡ ✜♥❛❧ st❛t❡ ❝♦♥str❛✐♥ts ♦❢ ♣r♦❜❧❡♠ ✭✷✮ xT ∈ XT ②✐❡❧❞s t♦ ❛♥ ✐♠♣❧✐❝✐t ❝♦♥✲
str❛✐♥t ♦♥ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡ ut ❛♥❞ st❛t❡ ✈❛r✐❛❜❧❡ xt ❛t ❡❛❝❤ st❛❣❡✳ ❲❡ ✐♠♠❡❞✐✲
❛t❡❧② s♣❡❝✐❢② ❢❡❛s✐❜❧❡ s❡t ♦❢ t❤❡ ✐♥t❡❣❡r ♣r♦❜❧❡♠ ✭✷✮✳
❲❡ ❞❡✜♥❡ t❤❡ ❧♦❝❛❧ ❢❡❛s✐❜❧❡ s❡t ♦❢ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡ ut✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡
st❛t❡ ✈❛r✐❛❜❧❡ xt✿
U
int,ad
t (xt) :=
{
ut
∣∣∣∣xT = xt +
T−1∑
s=t
Asus ∈ XT , us ∈ Us ∩ Z
n
}
. ✭✾✮
◆♦t❡ t❤❛t ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Uint,adt ✇❡ r❡q✉✐r❡ t❤❛t ❛❧❧ t❤❡ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡s
(ut) ❢r♦♠ t✐♠❡ t ❜❡ ✐♥t❡❣❡r✳
❋✉rt❤❡r♠♦r❡✱ ✇❡ ♥❡❡❞ t♦ ❛❞❞ s♦♠❡ ❝♦♥str❛✐♥t ♦♥ xt t♦ ❡♥s✉r❡ t❤❛t U
int,ad
t (xt)
✐s ♥♦♥✲❡♠♣t②✱ ❛♥❞ t❤❛t xt ❝❛♥ ❜❡ r❡❛❝❤❡❞ ❢r♦♠ t✐♠❡ 0✳ ❲❡ t❤❡♥ ❞❡✜♥❡ t❤❡
❘❘ ♥➦ ✼✽✻✽
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❢❡❛s✐❜❧❡ s❡t Xint,adt ✿
X
int,ad
t :=
{
xt
∣∣∣∣Uint,adt (xt) 6= ∅, xt =
t−1∑
s=0
Asus, us ∈ Us ∩ Z
n
}
=
{
xt
∣∣∣∣xt =
t−1∑
s=0
Asus, xt +
T−1∑
s=t
Asus ∈ XT , us ∈ Us ∩ Z
n
}
. ✭✶✵✮
■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ❢❡❛s✐❜❧❡ s❡t ✐♥ t❤❡ s♣❛❝❡ (x, u)✿
(X,U)int,adt := {xt, ut |x0 = 0, xs+1 = xs +Asus,
xT ∈ XT , us ∈ Us ∩ Z
n, s = 0, . . . , T − 1}. ✭✶✶✮
❉✉❡ t♦ ❆ss✉♠♣t✐♦♥ ✶✳✶✱ ❛♥② xt ∈ X
int,ad
t ❛♥❞ (xt, ut) ∈ (X,U)
int,ad
t ❛r❡ ✐♥t❡❣❡r✳
❲❡ ❞❡♥♦t❡ ❜② convUint,adt (xt) ✭r❡s♣✳ convX
int,ad
t ✱ conv(X,U)
int,ad
t ✮ t❤❡ ❝❧♦✲
s✉r❡ ♦❢ ❝♦♥✈❡① ❤✉❧❧ ♦❢ Uint,adt (xt) ✭r❡s♣✳ X
int,ad
t ✱ (X,U)
int,ad
t ✮✳ ◆♦t❡ t❤❛t ✐♥ ♦✉r
st✉❞② Uint,adt ✱ X
int,ad ❛♥❞ (U,X)int,adt ❛r❡ ❜♦✉♥❞❡❞✱ t❤❡r❡❢♦r❡ ✇❡ ❝❛♥ r❡♣❧❛❝❡ t❤❡
❝❧♦s✉r❡ ♦❢ ❝♦♥✈❡① ❤✉❧❧ ❜② t❤❡ ❝♦♥✈❡① ❤✉❧❧ ✐ts❡❧❢ s✐♥❝❡ t❤❡② ❛r❡ ❡q✉❛❧✳ ❍♦✇❡✈❡r✱
✇❡ ✇✐❧❧ ❦❡❡♣ ♦♥ ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ conv✳
❋✐♥❛❧❧②✱ ✇❡ ❞❡♥♦t❡ ❜②
U
int,ad
t (xˆt) :=
{
ut | (xˆt, ut) ∈ conv(X,U)
int,ad
t
}
. ✭✶✷✮
❘❡♠❛r❦ ✸✳✶✳ ❙✐♥❝❡ ♣r♦❜❧❡♠ ✭✷✮ ❤❛s ♥♦ r❛♥❞♦♠♥❡ss ✐♥ t❤❡ ❝♦♥str❛✐♥ts✱ t❤❡ ✈❛r✐♦✉s
❢❡❛s✐❜❧❡ s❡ts ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ ξt✳ ❚❤✐s ❢❛❝t ✐s ✐♠♣❧✐❡❞
❞✐r❡❝t❧② ❜② t❤❡✐r ❞❡✜♥✐t✐♦♥s ✭✾✮ ✭✶✵✮✭✶✶✮✭✶✷✮✳
◆♦t❡ t❤❛t ✇❡ ❝❛♥ ❛❧✇❛②s r❡str❛✐♥ ♦✉rs❡❧✈❡s t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ ❡①tr❡♠❡ ♣♦✐♥ts
♦❢ XT ❛r❡ ✐♥t❡❣❡r ❞✉❡ t♦ ❆ss✉♠♣t✐♦♥ ✶✳✶✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳
▲❡♠♠❛ ✸✳✷✳ ■❢ xˆt ∈ convX
int,ad
t ✱ t❤❡♥
convUint,adt (xˆt) ⊂ U
int,ad
t (xˆt). ✭✶✸✮
❋✉rt❤❡r♠♦r❡✱ ✐❢ xˆt ✐s ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ convX
int,ad
t ✱ t❤❡ ✐♥❝❧✉s✐♦♥ ✭✶✸✮ ✇✐❧❧
❜❡❝♦♠❡ ❛♥ ❡q✉❛❧✐t②✳
Pr♦♦❢✳ ■❢ ut ∈ convU
int,ad
t (xˆt)✱ t❤❡♥ t❤❡r❡ ❡①✐sts
{
λiu > 0, u
i
t ∈ U
int,ad
t (xˆt), i ∈ I
}
s✉❝❤ t❤❛t✱
∑
i∈I λ
i
u = 1 ❛♥❞ ut =
∑
i∈I λ
i
uu
i
t✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ U
int,ad
t (xˆt)✱
t❤❡r❡ ❡①✐sts (uis) ∈ Us ∩ Z
n, t ≤ s ≤ T − 1 s✉❝❤ t❤❛t xˆt +
∑T−1
s=t Asu
i
s ∈
XT ✳ ■❢ xˆt ∈ convX
int,ad
t ✱ t❤❡♥ t❤❡r❡ ❡①✐sts
{
λjx > 0, x
j
t ∈ X
int,ad
t , j ∈ J
}
s✉❝❤
t❤❛t✱
∑
j∈J λ
j
x = 1✱ xˆt =
∑
j∈J λ
j
xx
j
t ✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ ♦t❤❡r ✐♥t❡❣❡r ♣♦✐♥t ✐♥
int
(
conv
{
xjt , j ∈ J
})
✱ ✇❤❡r❡ int(X) r❡♣r❡s❡♥ts ✐♥t❡r✐♦r ♦❢ X✳ ❋♦❧❧♦✇✐♥❣ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ Xint,adt ✱ ∃(u˜
j
s) ∈ Us ∩ Z
n, 0 ≤ s ≤ t− 1 s✉❝❤ t❤❛t xjt =
∑t−1
s=0Asu˜
j
s✳
▲❡t xi,jT = x
j
t +
∑T−1
s=t Asu
i
s✱ t❤❡♥
∑
j∈J
λjxx
i,j
T =
∑
j∈J
λjx
(
xjt +
T−1∑
s=t
Asu
i
s
)
= xˆt +
T−1∑
s=t
Asu
i
s ∈ XT .
❘❘ ♥➦ ✼✽✻✽
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■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ t❤❛t
{
xi,jT ,∀j ∈ J
}
❛r❡ ✐♥t❡❣❡r✱ ❛♥❞ t❤❛t t❤❡r❡ ✐s ♥♦ ✐♥t❡❣❡r
♣♦✐♥t ✐♥ int
(
conv
{
xi,jT , j ∈ J
})
✳ ❖✇✐♥❣ t♦ t❤❡ ♣r♦♣❡rt② ♦❢ XT t❤❛t XT ✐s
❝♦♥✈❡①✱ ❝♦♠♣❛❝t ❛♥❞ ✐ts ❡①tr❡♠❡ ♣♦✐♥ts ❛r❡ ✐♥t❡❣❡r✱ ✇❡ ❤❛✈❡ xi,jT ∈ XT ,∀j ∈ J ✳
❚❤✐s r❡s✉❧t ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ i ∈ I✱ ❚❤✉s✱ (xjt , u
i
t) ∈ X
int,ad
t ,∀i ∈ I, j ∈ J ✳ ❍❡♥❝❡✱
❜② t❤❡ ❝♦♥✈❡①✐t②✱ (xˆt, ut) ∈ conv(X,U)
int,ad
t ✱ ❛♥❞ ut ∈ U
int,ad
t (xˆt)✳
❆ss✉♠❡ t❤❛t ut ∈ U
int,ad
t (xˆt)✱ ♦r ❡q✉✐✈❛❧❡♥t❧② (xˆt, ut) ∈ conv(X,U)
int,ad
t ✱
t❤❡♥ t❤❡r❡ ❡①✐st
{
λi ≥ 0, (xit, u
i
t) ∈ (X,U)
int,ad
t , i ∈ I
}
s✉❝❤ t❤❛t
∑
i∈I λ
i = 1✱
xˆt =
∑
i∈I λ
ixit✱ ❛♥❞ ut =
∑
i λ
iuit✳ ❙✐♥❝❡ xˆt ✐s ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ convX
int,ad
t ✱
✇❡ ❤❛✈❡ t❤❛t ∀i, xit = xˆt✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ (X,U)
int,ad
t ②✐❡❧❞s t♦ u
i
t ∈ U
int,ad
t (xˆt)✳
❍❡♥❝❡✱ ut ∈ convU
int,ad
t (xˆt)✳
❚❤❡♥✱ ✇❡ ❤❛✈❡ ✐♠♠❡❞✐❛t❡❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳
❈♦r♦❧❧❛r② ✸✳✸✳ ■❢ Xint,adt ⊂ B
m✱ ✇❤❡r❡ B = {0, 1} r❡♣r❡s❡♥ts t❤❡ ❜✐♥❛r② s❡t✱
t❤❡♥ U
int,ad
t (xt) = convU
int,ad
t (xt)✳
Pr♦♦❢✳ ❋♦❧❧♦✇✐♥❣ ❆ss✉♠♣t✐♦♥ ✶✳✶ ❛♥❞ ❢♦r✇❛r❞ ✐♥❞✉❝t✐♦♥✱ xt ✐s ✐♥t❡❣❡r✱ ❛♥❞ ✐s
t❤❡r❡❢♦r❡ ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ convXint,adt ✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳
■♥ ❣❡♥❡r❛❧✱ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ▲❡♠♠❛ ✸✳✷ ✐s str✐❝t✳ ▲❡t ✉s ✐❧❧✉str❛t❡ ✐t ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳
❊①❛♠♣❧❡ ✸✳✹ ✭❡①❛♠♣❧❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ❲❡ ✐❧❧✉str❛t❡ t❤❡ ❢❡❛s✐❜❧❡ s❡t ♦❢ t❤❡ ❡①❛♠✲
♣❧❡ ✷✳✷ ✐♥ ❋✐❣✉r❡ ✷✳ ❲❡ ❝❛♥ ♦❜s❡r✈❡ t❤❡ str✐❝t ✐♥❝❧✉s✐♦♥ ✐♥ ✭✶✸✮ ✐♥ t❤✐s ❡①❛♠♣❧❡
x01 2 3
u0
1
2
3
O
❋✐❣✉r❡ ✷✿ ❚❤❡ ❜❧❛❝❦ ❞♦ts r❡♣r❡s❡♥t t❤❡ ✐♥t❡❣❡r s♦❧✉t✐♦♥ (X,U)int,ad0 ✱ ❛♥❞ t❤❡
❣r❛② ③♦♥❡ ✐s t❤❡ ❝♦♥✈❡① ❤✉❧❧ conv(X,U)int,ad0 ✳ ❲❤❡♥ xˆ0 = 1✱ t❤❡ ❜❧❛❝❦ ❧✐♥❡ ✐s
convUint,ad0 (xˆ0)✱ ✇❤✐❧st t❤❡ r❡❞ ❜❧♦❝❦ ✐s U
int,ad
0 (xˆ0)✳
t❤❛t ✇❤❡♥ xˆ0 = 1✱ ✇❡ ❤❛✈❡ convU
int,ad
0 (x0) = [0, 2] ⊂ U
int,ad
0 (x0) = [0, 2.5]✳
❋✐♥❛❧❧②✱ ✇❡ r❡q✉✐r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ t♦ ❜❡ s❛t✐s✜❡❞ t♦ ❣✉❛r❛♥t❡❡ t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥✳
❘❘ ♥➦ ✼✽✻✽
❙▼■▲P ❜② ❉❉P ✾
❆ss✉♠♣t✐♦♥ ✸✳✺✳
(∑T−1
t=0 At(Ut
)
∩ Zn) ∩ XT 6= ∅✳
✹ ❋✐rst ❤❡✉r✐st✐❝ ♠❡t❤♦❞
❋♦❧❧♦✇✐♥❣ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ ✭✺✮✱ ✐❢ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❛♣♣r♦①✐♠❛t❡
Qint(t+1, xt+1, ξt)✱ t❤❡♥ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛❧ ✐♥t❡❣❡r ❞❡❝✐s✐♦♥✳ ❚❤❡ ✜rst
✐❞❡❛ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❬✺✱ ❈❤❛♣t❡r ✽✱ Pr♦♣♦s✐t✐♦♥ ✺❪✳
Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❆♥② ♦♣t✐♠❛❧✐t② ❝✉t ♦❢ Qcont(t, xt, ξt) ✭r❡s♣✳ Q
cont(t, xt, ξt−1)✮
✐s ❛ ✈❛❧✐❞ ❧♦✇❡r ❜♦✉♥❞ ♦❢ Qint(t, xt, ξt) ❛♥❞ ✭r❡s♣✳ Q
int(t, xt, ξt−1)✮✳
❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♣♦s✐t✐♦♥✱ ♦✉r ✜rst ❤❡✉r✐st✐❝ ♠❡t❤♦❞ ❛✐♠s t♦ ✜♥❞ ❛ s✉❜✲
♦♣t✐♠❛❧ ✐♥t❡❣❡r ❞❡❝✐s✐♦♥ ✉s✐♥❣ t❤❡ ♦♣t✐♠❛❧✐t② ❝✉t ♦❢ Qcont(t+ 1, xt+1, ξt)✿
essinf ct(ξt)ut + ϑˆ(t+ 1, xt+1, ξt)
s✉❜❥❡❝t t♦ xt+1 = xt +Atut,
(❢❡❛s✐❜✐❧✐t② ❝✉t) ut ∈ U
int,ad
t (xt),
(♦♣t✐♠❛❧✐t② ❝✉t) ϑˆ(t+ 1, xt+1, ξt) ≥ x
∗xt+1 −Q
∗,cont(t+ 1, x∗, ξt),∀x
∗;
✭✶✹✮
✇❤❡r❡ Q∗,cont(t+1, x∗, ξt) ✐s t❤❡ ❋❡♥❝❤❡❧ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ Q
cont(t+1, xt+1, ξt)
✐♥ xt+1✳
❍♦✇❡✈❡r✱ t❤❡ ♣r♦❝❡❞✉r❡ ✭✶✹✮ ✐s ♦♥❧② ❛✈❛✐❧❛❜❧❡ ❢♦r t❤❡ ❢♦r✇❛r❞ ♣❛ss ♦❢ t❤❡
❙❉❉P ❛♣♣r♦❛❝❤ s✐♥❝❡ ✇❡ ❝❛♥♥♦t ♦❜t❛✐♥ ❛♥② ❞✉❛❧ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ ▼■▲P
♣r♦❜❧❡♠ ✭✶✹✮✳ ❚❤✉s✱ t❤❡ ❝♦♥t✐♥✉♦✉s r❡❧❛①❛t✐♦♥ ❣✐✈❡s ✉s ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢Qint(t+
1, xt+1, ξt) ❜② s♦♠❡ ❝♦♥✈❡① ❢✉♥❝t✐♦♥✱ ❛♥❞ t❤❡♥ ✭✶✹✮ ♣r♦✈✐❞❡s ❛ s✉❜✲♦♣t✐♠❛❧ s♦✲
❧✉t✐♦♥✳ ❚❤✐s ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ♠❡♥t✐♦♥❡❞ ✐♥ ❇✐r❣❡ ❛♥❞ ▲♦✉✈❡❛✉① ❬✺✱ ❈❤❛♣t❡r
✽❪✳
❊①❛♠♣❧❡ ✹✳✷ ✭❡①❛♠♣❧❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ❲❡ ♣❧♦t ✐♥ ❋✐❣✉r❡ ✸ Qcont(x0, ξ) ❛♥❞
Qcont(x0) ♦❢ ❡①❛♠♣❧❡ ✷✳✷✳
■♥ ♣r❛❝t✐❝❡✱ ✐♥ t❤❡ ❢♦r✇❛r❞ ♣❛ss ♦❢ t❤❡ ❙❉❉P ♣r♦❝❡❞✉r❡✳ ❲❡ s✐♠✉❧❛t❡ Mf
s❛♠♣❧✐♥❣s ❛♥❞ ❝♦♠♣✉t❡ ❛ s✉❜✲♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥ ✉s✐♥❣ ✭✶✹✮✳ ❚❤❡♥✱ ✇❡ ❝❛♥ ♦❜t❛✐♥
❛ st❛t✐st✐❝ ✈❛❧✉❡ vint✱ ✇❤✐❝❤ ✐s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ✐♥t❡❣❡r ♣r♦❜❧❡♠ ✭✷✮✳ ❲❡
t❛❦❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s r❡❧❛①❛t✐♦♥ ♣r♦❜❧❡♠ ✭✸✮ ❛s ❛ ❧♦✇❡r ❜♦✉♥❞
♦❢ t❤❡ ✐♥t❡❣❡r ♣r♦❜❧❡♠ ✭✷✮✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ❞♦ ♥♦t
❝♦♥✈❡r❣❡ ❜② t❤✐s ♠❡t❤♦❞✳ ❚❤❡♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ❛rt✐❝❧❡ ❢♦❝✉s❡s ♦♥ r❡❞✉❝✐♥❣
t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❜♦✉♥❞s✳
✺ ▲✐♠✐t❛t✐♦♥ ♦❢ ❞✉❛❧ ♣r♦❣r❛♠♠✐♥❣ ❢♦r ♠✉❧t✐✲st❛❣❡
❙▼■▲P
❙✐♥❝❡ Qint(t, xt, ξt) ✭r❡s♣✳ Q
int(t, xt, ξt−1)✮ ✐s ✐♥ ❣❡♥❡r❛❧ ♥♦♥✲❝♦♥✈❡① ❛♥❞ ❞✐s❝♦♥✲
t✐♥✉♦✉s ✐♥ xt✱ t❤❡ ❜❡st ❝♦♥✈❡① ❛♥❞ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ t♦ ❛♣♣r♦①✐✲
♠❛t❡ Qint(t, xt, ξt) ✭r❡s♣✳ Q
int(t, xt, ξt−1)✮ ❢r♦♠ ❜❡❧♦✇ ✐s ✐ts ❝♦♥✈❡① ❤✉❧❧✱ ✐✳❡✳ t❤❡
❣r❡❛t❡st ❝♦♥✈❡① ❢✉♥❝t✐♦♥ ♠❛❥♦r✐③❡❞ ❜② Qint(t, xt, ξt) ✭r❡s♣✳ Q
int(t, xt, ξt−1)✮✱ ❞❡✲
♥♦t❡❞ ❜② convQint(t, xt, ξt) ✭r❡s♣✳ convQ
int(t, xt, ξt−1)✮✳ ❚❤❡r❡❢♦r❡✱ convQ
int(t, xt, ξt)
❛♥❞ convQint(t, xt, ξt−1) ❤❛✈❡ ❜② t❤❡ ❋❡♥❝❤❡❧✲▼♦r❡❛✉ t❤❡♦r❡♠ ❛ ❞✉❛❧ r❡♣r❡s❡♥✲
t❛t✐♦♥✿ t❤❡② ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ s✉♣r❡♠✉♠ ♦❢ ❧✐♥❡❛r ❢✉♥❝t✐♦♥s ✭♦♣t✐♠❛❧✐t②
❝✉ts✮✳
❘❘ ♥➦ ✼✽✻✽
❙▼■▲P ❜② ❉❉P ✶✵
x01 2 3
Q
1
O
✭❛✮ Qint(x0, ξ = 0.5) ❛♥❞ Qcont(x0, ξ =
0.5)
x01 2 3
Q
−1
−2
−3
−4
✭❜✮ Qint(x0, ξ = −2) ❛♥❞ Qcont(x0, ξ =
−2)
x01 2 3
Q
−1
−2
O
✭❝✮ Qint(x0) ❛♥❞ Qcont(x0)
❋✐❣✉r❡ ✸✿ ❚❤❡ ❜❧✉❡ ❧✐♥❡ ✐s Qcont(x0, ξ) ♦r Q
cont(x0)✳
❆ss✉♠❡ t❤❛t ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ convQint(τ + 1, xτ+1, ξτ+1) ❢♦r s♦♠❡
0 ≤ τ ≤ T − 1✱ t❤❡♥ ❢♦r ❛❧❧ t ≤ τ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦❛❝❤ ❣✐✈❡s ❛♥ ❛❧t❡r♥❛t✐✈❡ ♦❢
✭✶✹✮
Qint,convτ (t, xt, ξt) := essinf ct(ξt)ut + ϑ
s✉❜❥❡❝t t♦ ut ∈ U
int,ad
t (xt),
xt+1 = xt +Atut,
ϑ ≥ Q
int,conv
τ (t+ 1, xt+1, ξt);
✭✶✺✮
✇❤❡r❡
Q
int,conv
τ (t, xt, ξt−1) =
{
E
[
convQint(τ + 1, xτ+1, ξτ+1) | Fτ
]
✐❢ t = τ,
E
[
convQint,convτ (t+ 1, xt+1, ξt+1) | Ft
]
✐❢ t < τ.
✭✶✻✮
■♥❞❡❡❞✱ Q
int,conv
τ (t, xt, ξt−1) ✐s ❝♦♥✈❡① ✐♥ xt s✐♥❝❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥
♦♣❡r❛t♦r ❦❡❡♣s t❤❡ ❝♦♥✈❡①✐t② ♦❢ ❛ ❢✉♥❝t✐♦♥✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✭✶✹✮ ❛❧❧♦✇s ✉s t♦
❘❘ ♥➦ ✼✽✻✽
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❝♦♥t✐♥✉❡ t♦ ✉s❡ t❤❡ ❙❉❉P ❛♣♣r♦❛❝❤✱ ■♥ ❛❞❞✐t✐♦♥✱ r❡♠❛r❦ t❤❛t ❜② t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ ❛ ❝♦♥✈❡① ❤✉❧❧✱ ✇❡ ❤❛✈❡
Q
int,conv
τ (t, xt, ξt−1) ≤ convE
[
Qint,convτ (t, xt, ξt) | Ft−1
]
. ✭✶✼✮
❊✈❡♥ ✐❢ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ convQint(τ, xτ , ξt)✱ ♣r♦❜❧❡♠ ✭✶✺✮ ❛t st❛❣❡
t = τ ❞♦❡s ♥♦t r❡t✉r♥ t❤❡ ❡①❛❝t ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✺✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ❢♦r
t ≤ τ ✿
Qcont(t, xt, ξt) ≤ Q
int,conv
τ (t, xt, ξt) ≤ Q
int(t, xt, ξt), ✭✶✽✮
❛♥❞ s♦
Qcont(t, xt, ξt−1) ≤ Q
int,conv
τ (t, xt, ξt−1) ≤ convQ
int(t, xt, ξt−1); ✭✶✾✮
❛♥❞ ❣❡♥❡r❛❧❧② t❤❡② ❞♦ ♥♦t ❝♦✐♥❝✐❞❡ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✳ ❚❤❡r❡❢♦r❡✱ ✭✶✺✮ ❛❧✇❛②s
r❡t✉r♥s ❛ t✐❣❤t❡r ❧♦✇❡r ❜♦✉♥❞ ♦❢ Qint(t, xt, ξt) t❤❛♥ ✭✶✹✮✳
❖♥❡ ❡①❝❡♣t✐♦♥ ✐s ✇❤❡♥ Xint,adt ⊂ B
m✳ ❲❡ ❤❛✈❡ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐✲
t✐♦♥✳
Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ■❢ ❢♦r ❛❧❧ t ≤ τ ✱ Xint,adt ⊂ B
m✱ t❤❡♥ ✇❡ ❤❛✈❡ ❢♦r ❛❧❧ xt ∈
X
int,ad
t ✿
Q
int,conv
τ (t+ 1, xt+1, ξt) = Q
int(t+ 1, xt+1, ξt),
Qint,convτ (t, xt, ξt) = Q
int(t, xt, ξt).
❚❤❡r❡❢♦r❡✱ ✭✶✺✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✭✺✮✳
Pr♦♦❢✳ ❚❤❡ ❦❡② ♣♦✐♥t ♦❢ xt ∈ X
int,ad
t ⊂ B
m ✐s t❤❛t ❛♥② ✐♥t❡❣❡r s♦❧✉t✐♦♥ xt ✐s ❛♥
❡①tr❡♠❡ ♣♦✐♥t ♦❢ Xint,adt ✳
❆t st❛❣❡ t = τ ✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❝♦♥✈❡① ❤✉❧❧✱ ❛t ❡①tr❡♠❡ ♣♦✐♥t ♦❢ Xint,adt ✇❡
❤❛✈❡
convQint(τ + 1, xτ+1, ξτ+1) = Q
int(τ + 1, xτ+1, ξτ+1).
❚❛❦✐♥❣ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♦♥ ❜♦t❤ s✐❞❡✱ ✇❡ ❣❡t
Q
int,conv
(τ + 1, xτ+1, ξτ )Q
int(τ + 1, xτ+1, ξτ ).
❙✐♥❝❡ ✐♥ ✭✶✺✮ ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ Q
int,conv
τ (τ+1, xτ+1, ξτ ) ✇❤❡r❡ xτ+1 ✐s ✐♥✲
t❡❣❡r✱ ♣r♦❜❧❡♠s ✭✶✺✮ ❛♥❞ ✭✺✮ ❝♦✐♥❝✐❞❡✳ ❍❡♥❝❡✱ Qint,convτ (τ, xτ , ξτ ) = Q
int(τ, xτ , ξτ )✳
❆t st❛❣❡ t < τ ✱ ❜② ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥✱ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❢♦r t = τ ✱
t❤❡ ❛❜♦✈❡ r❡s✉❧t ❢♦❧❧♦✇s✳
❊①❛♠♣❧❡ ✺✳✷ ✭❡①❛♠♣❧❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ❲❡ ❛❞❞ t❤❡ ❝♦♥✈❡① ❤✉❧❧s ✐♥ ❡①❛♠♣❧❡
✷✳✷ ✐♥ ❋✐❣✉r❡ ✹✳ ❆ss✉♠❡ t❤❛t ✐♥ ✭✽✮✱ t❤❡ ♦♣t✐♠❛❧✐t② ❝✉ts ❛♣♣r♦①✐♠❛t❡ ❡①❛❝t❧②
t❤❡ ❝♦♥✈❡① ❤✉❧❧ convQ(x1, ξ)✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ Q
int,conv
1 (x0) ♣r♦✈✐❞❡s s♦♠❡
✐♠♣r♦✈❡♠❡♥t t❤❛♥ Qcont(x0)✱ ❜✉t ✐t ❞♦❡s ♥♦t ❝♦✐♥❝✐❞❡ ✇✐t❤ convQ
int(x0)✳
❘❡♠❛r❦ ✺✳✸✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❝♦♥✈❡① ❤✉❧❧s convQint(t, xt, ξt) ❛♥❞ convQ
int(t, xt, ξt−1)
❛r❡ ✈❡r② ❞✐✣❝✉❧t t♦ ❝♦♠♣✉t❡✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡
convQint(T, xT , ξT ) = g(ξT , xT )
❘❘ ♥➦ ✼✽✻✽
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x01 2 3
Q
1
O
✭❛✮ Qint(x0, ξ = 0.5)✱ convQint(x0, ξ =
0.5) ❛♥❞ Qcont(x0, ξ = 0.5)
x01 2 3
Q
−1
−2
−3
−4
✭❜✮ Qint(x0, ξ = −2)✱ convQint(x0, ξ =
−2) ❛♥❞ Qcont(x0, ξ = −2)
x01 2 3
Q
−1
−2
O
✭❝✮ Qint(x0)✱ convQint(x0)✱ Qcont(x0)✱ ❛♥❞
Q
int,conv
1 (x0)
❋✐❣✉r❡ ✹✿ ❚❤❡ ❜❧✉❡ ❧✐♥❡ ✐s Qcont ❛♥❞ Qcont❀ t❤❡ r❡❞ ❧✐♥❡ ✐s convQint ❛♥❞
convQint❀ ✇❤✐❧st t❤❡ ❣r❡❡♥ ♦♥❡ ✐s Q
int,conv
✳
❢♦r t❤❡ ❧❛st st❛❣❡ T ✳ ❚❤❡♥✱ ❜② ✉s✐♥❣ ❞✉❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ t♦ s♦❧✈❡ t❤❡
♠✉❧t✐✲st❛❣❡ ❙▼■▲P ♣r♦❜❧❡♠ ✭✷✮✱ ✐t ✐s ❛❧♠♦st ✐♠♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ t❤❡ ❡①❛❝t ♦♣✲
t✐♠❛❧ ✐♥t❡❣❡r s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❡①❛❝t ✈❛❧✉❡ ❢✉♥❝t✐♦♥ Qint(t, xt, ξt)✳ ❚❤❡ ❜❡st ❛♣✲
♣r♦①✐♠❛t❡❞ ❢✉♥❝t✐♦♥ ❢♦rQint(t, xt, ξt) ✭r❡s♣✳ Q
int(t, xt, ξt−1)✮ ✐sQ
int,conv
T (t, xt, ξt)
✭r❡s♣✳ Q
int,conv
T (t, xt, ξt−1)✮✳ ❚❤✐s ✐s ❛❧s♦ r❡♠❛r❦❡❞ ✐♥ ❙❡♥ ❡t ❛❧✳ ❬✷✺❪✳
❋♦❧❧♦✇✐♥❣ ✭✶✽✮ ✭✶✾✮✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ q✉❛❧✐t② ❞❡❝r❡❛s❡s ❛s t❤❡ ❜❛❝❦✇❛r❞
♣r♦❝❡❞✉r❡ ❣♦❡s ♦♥✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ t❤❛t
Qint,convτ1 (t, xt, ξt) ≤ Q
int,conv
τ2
(t, xt, ξt), τ2 ≤ τ1. ✭✷✵✮
❯♥❢♦rt✉♥❛t❡❧②✱ Qint,convT (t, xt, ξt) ✐s t❤❡ ✇♦rst ♦♥❡ ❛♠♦♥❣ t❤✐s ❝❧❛ss ♦❢ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ❢✉♥❝t✐♦♥s✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞ ✭✈❛❧✐❞ ✐♥✲
❘❘ ♥➦ ✼✽✻✽
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❡q✉❛❧✐t②✮ t♦ ❛♣♣r♦①✐♠❛t❡ convQ(t, xt, ξt−1)✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♥♦✇ ✐s ❥✉st t♦ r❡✲
❞✉❝❡ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ convQint(t, xt, ξt) ❛♥❞ Q
cont(t, xt, ξt) ✭r❡s♣✳ ❜❡t✇❡❡♥
convQint(t, xt, ξt−1) ❛♥❞ Q
cont(t, xt, ξt−1)✮ ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡✱ ❢♦r ✐♥st❛♥❝❡ ❜②
❝♦♠♣✉t✐♥❣ convQint,convT (t, xt, ξt) ✭r❡s♣✳ Q
int,conv
T (t, xt, ξt)✮✳
✻ ■♥t❡❣❡r ❝✉tt✐♥❣ ♣❧❛♥ t❡❝❤♥✐q✉❡
■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ t✐❣❤t❡r ❧♦✇❡r ❜♦✉♥❞ ✭❜❡tt❡r ♦♣t✐♠❛❧✐t② ❝✉ts✮ ❢♦r convQint(t, xt, ξt)
❛♥❞ convQint(t, xt, ξt−1)✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ t❡❝❤♥✐q✉❡✳ ■♥ ♦t❤❡r
✇♦r❞s✱ ✇❡ ❛r❡ st✐❧❧ ✐♥t❡r❡st❡❞ ✐♥ s♦❧✈✐♥❣ ❛ ❝♦♥t✐♥✉♦✉s ♣r♦❜❧❡♠ t♦ ❝♦♠♣✉t❡ ❞✉❛❧
✈❛❧✉❡ t♦ ❜✉✐❧❞ ♦♣t✐♠❛❧✐t② ❝✉ts✱ s✐♥❝❡ ▼■▲P ♣r♦❜❧❡♠ ❞♦❡s ♥♦t ❣✐✈❡ ❛♥② ❞✉❛❧
✐♥❢♦r♠❛t✐♦♥✳
❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❜② ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥✳ ▲❡t ✉s ✜rst
❛♣♣r♦①✐♠❛t❡ t❤❡ ✜♥❛❧ ❝♦st ❢✉♥❝t✐♦♥ g(ξT , xT ) ❜② s♦♠❡ ♦♣t✐♠❛❧✐t② ❝✉ts OT (ξT )✱
✇❤❡r❡ ✇❡ ❞❡♥♦t❡ ❜② Qcut(T, xT , ξT ,OT ) t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢✉♥❝t✐♦♥ ✿
Qcut(T, xT , ξT , OT ) = max
{
θ : θ ≥ λxTxT + λ
0
T , (λ
x
T , λ
0
T ) ∈ OT (ξT )
}
. ✭✷✶✮
■♥ ❣❡♥❡r❛❧✱ ✇❡ ❞❡♥♦t❡ ❜② Qcut(t, xt, ξt, I[t,T−1], Ot) ✭Q
cut(t, xt, ξt) ❢♦r s❤♦rt✮ t❤❡
❇❡❧❧♠❛♥ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❜② ✉s✐♥❣ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥
t❤❡ ❣❡♥❡r❛t❡❞ ❝✉tt✐♥❣ ♣❧❛♥❡s {I,O}✳ ❍❡r❡✱ ✇❡ s❡♣❛r❛t❡ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡s ✐♥t♦
t✇♦ t②♣❡s✳ ❖♥❡ ✐s t❤❡ ❢❡❛s✐❜✐❧✐t② ❝✉t✱ ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t✐♠❡ st❡♣ t✿
λxt xt + λ
u
t ut ≤ λ
0
t , (λ
x
t , λ
u
t , λ
0
t ) ∈ It. ✭✷✷✮
❲❡ ❞❡♥♦t❡ ❜② I[t1,t2] = {It1, . . . , It2} , t1 ≤ t2✳ ❚❤❡ ♦t❤❡r t②♣❡ ✐s t❤❡ ♦♣t✐♠❛❧✐t②
❝✉t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ♦♥❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✈❛❧✉❡ ξt
θ ≥ λxt xt + λ
0
t , (λ
x
t , λ
0
t ) ∈ Ot(ξt). ✭✷✸✮
♦r
ϑ ≥ λ
x
t xt+1 + λ
u
t ut + λ
0
t , (λ
x
t , λ
u
t , λ
0
t ) ∈ Ot(ξt). ✭✷✹✮
❲❡ t❤❡♥ ✐♥tr♦❞✉❝❡Q
cut
(t, xt, ξt−1, I[t,T−1],Ot−1) ✭Q
cut
(t, xt, ξt−1) ❢♦r s❤♦rt✮
t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♦❢ Qcut(t, xt, ξt, I[t,T−1], Ot)✿
Q
cut
(t, xt, ξt−1, I[t,T−1],Ot−1) := E
[
Qcut(t, xt, ξt, I[t,T−1], Ot) | Ft−1
]
;
= max
{
ϑ : ϑ ≥ λ
x
t−1xt + λ
0
t−1, (λ
x
t−1, λ
0
t−1) ∈ Ot−1(ξt−1)
}
.
✭✷✺✮
✇❤❡r❡ λ
x
t−1 = E[λ
x
t | Ft−1] ❛♥❞ λ
0
t−1 = E[λ
0
t | Ft−1]✳
■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❞❡♥♦t❡ ❜② Qint,cut(t, xt, ξt, I[t+1,T−1],Ot) ✭Q
int,cut(t, xt, ξt)
❢♦r s❤♦rt✮ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ▼■▲P ♣r♦❜❧❡♠✿
Qint,cut(t, xt, ξt, I[t+1,T−1],Ot) := essinf{ct(ξt)ut + ϑ :
s✳t✳ (ut, xt+1, ϑ) ∈ A(xt, ξt, I[t+1,T−1],Ot)}; ✭✷✻✮
✇❤❡r❡ t❤❡ ❢❡❛s✐❜❧❡ s❡t A(xt, ξt, I[t+1,T−1],Ot) ✭A(xt, ξt) ❢♦r s❤♦rt✮ ✐s
A(xt, ξt, I[t+1,T−1],Ot) := {(ut, xt+1, ϑ) |ut ∈ U
int,ad
t (xt),
xt+1 = xt +Atut, ϑ ≥ Q
cut
(t+ 1, xt+1, ξt, I[t+1,T−1],Ot)}. ✭✷✼✮
❘❘ ♥➦ ✼✽✻✽
❙▼■▲P ❜② ❉❉P ✶✹
❙✐♥❝❡ Qint,cut(t, xt, ξt) ✐s ♥♦♥✲❝♦♥✈❡① ❛♥❞ ❞✐s❝♦♥t✐♥✉♦✉s✱ ✇❡ ❛r❡ ♠♦r❡ ✐♥t❡r❡st✐♥❣
✐♥ ❜✉✐❧❞✐♥❣
convQint,cut(t, xt, ξt, I[t+1,T−1],Ot)
❛♥❞ t❤❡♥ ✐♥ ❛♣♣r♦①✐♠❛t✐♥❣ ❜② ❛ s✉♣r❡♠✉♠ ♦❢ ❧✐♥❡❛r ❢✉♥❝t✐♦♥s✳ ❇❡❢♦r❡ ❣✐✈✐♥❣ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛ t♦ convQint,cut(t, xt, ξt)✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐✲
t✐♦♥ t♦ ❝❤❛r❛❝t❡r✐③❡ convQint,cut(t, xt, ξt, I[t+1,T−1],Ot)✳ ❋♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥✱
✇❡ ♥❡❡❞ s♦♠❡ ♥♦t❛t✐♦♥s✳ ▲❡t ✉s ❞❡✜♥❡
A(xt, ξt, I[t+1,T−1],Ot) :=
{
(ut, xt+1, ϑ) |xt+1 = xt +Atut,
(ut, xt+1, ϑ) ∈ conv
(
∪
xt∈X
int,ad
t
A(xt, ξt, I[t+1,T−1],Ot)
)}
; ✭✷✽✮
❞❡♥♦t❡ ❜② QA(t, xt, ξt, I[t+1,T−1],Ot) t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❣r❛♠
QA(t, xt, ξt, I[t+1,T−1],Ot) := essinf{ct(ξt)ut + ϑ :
s✳t✳ (ut, xt+1, ϑ) ∈ A(xt, ξt, I[t+1,T−1],Ot)}; ✭✷✾✮
❛♥❞ ✐♥tr♦❞✉❝❡
A
c
(xt, ξt, I[t+1,T−1],Ot) := {(ut, xt+1, ϑ) |ut ∈ U
int,ad
t (xt),
xt+1 = xt +Atut, ϑ ≥ Q
cut
(t+ 1, xt+1, ξt, I[t+1,T−1],Ot)}. ✭✸✵✮
Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ ✭✐✮ ❲❡ ❤❛✈❡ t❤❛t
convQint,cut(t, xt, ξt, I[t+1,T−1],Ot) = Q
A(t, xt, ξt, I[t+1,T−1],Ot). ✭✸✶✮
✭✐✐✮ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ A(xt, ξt) ♦♥t♦ t❤❡ ut s✉❜s♣❛❝❡ ✐s
proj
ut
A(xt, ξt) = U
int,ad
t (xt). ✭✸✷✮
✭✐✐✐✮ A(xt, ξt, I[t+1,T−1],Ot) ⊂ A
c
(xt, ξt, I[t+1,T−1],Ot)✳
Pr♦♦❢✳ ✭✐✮ ❙✐♥❝❡ ♣r♦❜❧❡♠s ✭✷✻✮ ❛♥❞ ✭✷✾✮ ❤❛✈❡ t❤❡ s❛♠❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ ❛♥❞
s✐♥❝❡ t❤❡ ❢❡❛s✐❜❧❡ s❡t A(xt, ξt) ♦❢ ✭✷✻✮ ✐s ✐♥❝❧✉❞❡❞ ✐♥ A(xt, ξt)✱ ✇❡ ❤❛✈❡ t❤❛t
QA(t, xt, ξt) ≤ Q
int,cut(t, xt, ξt)✳ ❆s xt ✐s ❛ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❢❡❛s✐❜❧❡ s❡t
A(xt, ξt)✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ Q
A(t, xt, ξt) ✐s ❝♦♥✈❡① ✐♥ xt✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ ❛ ❝♦♥✈❡① ❤✉❧❧✱ QA(t, xt, ξt) ≤ convQ
int,cut(t, xt, ξt)✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ✭✷✾✮✱ ❢♦r ❛❧❧ ǫ > 0✱ t❤❡r❡ ❡①✐sts (uǫt, x
ǫ
t+1, ϑ
ǫ) ∈
A(xt, ξt) s✉❝❤ t❤❛t ct(ξt)u
ǫ
t + ϑ
ǫ ≤ QA(t, xt, ξt) + ǫ✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
A(xt, ξt)✱ t❤❡r❡ ❡①✐sts
{
λi ≥ 0, xit ∈ X
int,ad
t , (u
i
t, x
i
t+1, ϑ
i) ∈ A(xit, ξt), i ∈ I
}
s✉❝❤ t❤❛t
∑
i∈I λ
i = 1✱ uǫt =
∑
i∈I λ
iuit✱ xt =
∑
i∈I λ
ixit✱ ❛♥❞ x
ǫ
t+1 =∑
i∈I λ
ixit+1✳ ❚❤❡♥✱
convQint,cut(t, xt, ξt) ≤
∑
i∈I
λi convQint,cut(t, xit, ξt) ≤
∑
i∈I
λiQint,cut(t, xit, ξt)
≤
∑
i∈I
λi
(
ct(ξt)u
i
t + ϑ
i
)
= ct(ξt)u
ǫ
t + ϑ
ǫ
≤ QA(t, xt, ξt) + ǫ❘❘ ♥➦ ✼✽✻✽
❙▼■▲P ❜② ❉❉P ✶✺
▲❡t ǫ→ 0✱ ✇❡ ❤❛✈❡ convQint,cut(t, xt, ξt) ≤ Q
A(t, xt, ξt)✳
✭✐✐✮ ❚❤❛t projut A(xt, ξt) ⊂ U
int,ad
t (xt) ❢♦❧❧♦✇s ❞✐r❡❝t❧② t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢A(xt, ξt)✱
(X,U)int,adt ❛♥❞ U
int,ad
t (xt)✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ut ∈ U
int,ad
t (xt)✱ ♦r ❡q✉✐✈❛❧❡♥t❧② (xt, ut) ∈ conv(X,U)
int,ad
t ✱
t❤❡♥ t❤❡r❡ ❡①✐sts
{
λi ≥ 0, xit ∈ X
int,ad
t , u
i
t ∈ U
int,ad
t (x
i
t), i ∈ I
}
s✉❝❤ t❤❛t∑
i∈I λ
i = 1✱ xt =
∑
i∈I λ
ixit ❛♥❞ ut =
∑
i∈I λ
iuit✳ ▲❡t ✉s t❛❦❡ x
i
t+1 = x
i
t+
Atu
i
t✱ ❛♥❞ ϑ
i ≥ Q
cut
(t + 1, xit+1, ξt) ❢♦r ❡❛❝❤ i ∈ I✳ ❚❤❡♥✱ (u
i
t, x
i
t+1, ϑ
i) ∈
A(xit, ξt)✳ ❚❛❦✐♥❣ xt+1 =
∑
i∈I λ
ixit+1 ❛♥❞ ϑt+1 =
∑
i∈I λ
iϑi✱ t❤❡♥ (ut, xt+1, ϑ) ∈
At(xt, ξt)✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ut ∈ projut At(xt, ξt)✳
✭✐✐✐✮ ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞ r❡s✉❧t✱ ❛♥❞ t❤❡ ❝♦♥✈❡①✲
✐t② ♦❢ Q(t+1, xt+1, ξt)✱ ✇❡ ♦❜t❛✐♥ ✐♠♠❡❞✐❛t❡❧② t❤❛t A(xt, ξt) ⊂ A
c
(xt, ξt)✳
❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ❢♦r t❤❡ ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ Xint,adt ✳
❈♦r♦❧❧❛r② ✻✳✷✳ ■❢ xt ✐s ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ X
int,ad
t ✱ t❤❡♥
A(xt, ξt) = convA(xt, ξt). ✭✸✸✮
❘❡♠❛r❦ ✻✳✸✳ ❋♦❧❧♦✇✐♥❣ t❤❡ t❤✐r❞ ♣r♦♣❡rt② ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶✱ t❤❡ ♦♣t✐♠❛❧✐t②
❝✉ts ϑ ≥ λ
x
t xt+1 + λ
0
t , (λ
x
t , λ
0
t ) ∈ Ot(ξt)✱ ✇❤✐❝❤ ❝❛♥ ♦♥❧② ❛♣♣r♦①✐♠❛t❡ Q
cut
(t+
1, xt+1, ξt)✱ ❛r❡ ♥♦t ❡♥♦✉❣❤✳ ❚❤❛t ✐s ✇❤② ✇❡ ❡①t❡♥❞ t❤❡ ♦♣t✐♠❛❧✐t② ❝✉t t♦ ❢♦r♠
ϑ ≥ λ
x
t xt+1 + λ
x
uut + λ
0
t .
❆t t❤✐s st❛❣❡✱ ✇❡ ❛r❡ r❡❛❞② t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞ t♦ ❛♣✲
♣r♦①✐♠❛t❡ A(xt, ξt) ❛♥❞ t❤❡♥ convQ
int,cut(t, xt, ξt)✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ✇r✐t❡ ✭✷✾✮
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛t✐♦♥✿
essinf ct(ξt)ut + ϑˆ(t+ 1, xt+1, ξt,Ot)
s✉❜❥❡❝t t♦ us ∈ Us,
xs+1 = xs +Asus, s = t, . . . , T − 1,
xT ∈ XT ,
✭❢❡❛s✐❜✐❧✐t② ❝✉t✮ λxsxs + λ
u
sus ≤ λ
0
s, ∀(λ
x
s , λ
u
s , λ
0
s) ∈ Is, s = t, . . . , T − 1,
✭♦♣t✐♠❛❧✐t② ❝✉t✮ ϑˆ(t+ 1, xt+1, ξt,Ot) ≥ λ
x
xt+1 + λ
u
ut + λ
0
,∀(λ
x
, λ
u
, λ
0
) ∈ Ot(ξt);
✭✸✹✮
◆♦t❡ t❤❛t Ot(ξt) ✐♥ ✭✸✹✮ ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡ ✐♥ ✭✶✹✮✱ ❡✈❡♥ t❤♦✉❣❤ ✇❡ ✉s❡
t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s✳ ❘❡♠❛r❦ t❤❛t ✐♥ ✭✸✹✮ ❛t t✐♠❡ t✱ ✇❡ ❛❞❞ ❛❧❧ ❢❡❛s✐❜✐❧✐t② ❝✉ts
I[t,T−1] ♦❢ ❢✉t✉r❡ t✐♠❡ st❡♣s t ≤ s ≤ T − 1✳
❲❡ ❞❡♥♦t❡ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ ✭✸✹✮ ❜②Qcut(t, xt, ξt, I[t,T−1], Ot) ✭Q
cut(t, xt, ξt)
❢♦r s❤♦rt✮✳ ❯s✐♥❣ t❤❡ ❋❡♥❝❤❡❧✲▼♦r❡❛✉ t❤❡♦r❡♠✱ ✇❡ ❤❡r❡ ♥♦t❡ ✐t ❜② ✐ts ❞✉❛❧ ❛♣✲
♣r♦①✐♠❛t✐♦♥✿
Qcut(t, xt, ξt, I[t+1,t−1], Ot) = max
{
θ : θ ≥ λxt xt + λ
0
t , (λ
x
t , λ
0
t ) ∈ Ot(ξt)
}
.
✭✸✺✮
❘❘ ♥➦ ✼✽✻✽
❙▼■▲P ❜② ❉❉P ✶✻
❚❤❡s❡ ❢❡❛s✐❜✐❧✐t② ❝✉ts I[t,t−1] ❛♥❞ ♦♣t✐♠❛❧✐t② ❝✉ts Ot ❛r❡ ❤❡r❡ t♦ ❛♣♣r♦①✐✲
♠❛t❡ A(xt, ξt, I[t+1,t−1],Ot)✳ ❙✐♥❝❡ ✇❡ ❜✉✐❧❞ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡s ✐♥ t❤❡ ❙❉❉P
❛❧❣♦r✐t❤♠✱ ✇❡ ❝❛♥ ♦♥❧② ❣❡♥❡r❛t❡ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝✉tt✐♥❣ ♣❧❛♥❡s t♦ ❛♣♣r♦①✐✲
♠❛t❡ A(xt, ξt)✳ ❚❤❡♥✱ t❤❡ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ ✭✸✹✮ Q
cut(t, xt, ξt, I[t,T−1],Ot) ✐s
✐ts❡❧❢ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢ convQint,cut(xt, ξt, I[t+1,T−1],Ot+1)✳
❘❡♠❛r❦ ✻✳✹✳ ❙✐♥❝❡ ♦✉r ❛❧❣♦r✐t❤♠ ✐s st✐❧❧ ✐♥ t❤❡ ❙❉❉P ❢r❛♠❡✇♦r❦✱ ✇❡ ❝❛♥♥♦t
❤❛✈❡ ❛ t✐❣❤t❡r ❧♦✇❡r ❜♦✉♥❞ t❤❛♥ Qint,convT (t, xt, ξt) ❛s ♠❡♥t✐♦♥❡❞ ✐♥ r❡♠❛r❦ ✺✳✸✿
Qint,cut(t, xt, ξt, I[t+1,T−1],Ot+1) ≤ Q
int,conv
T (t, xt, ξt); ✭✸✻✮
Qcut(t, xt, ξt, I[t+1,T−1],Ot+1) ≤ convQ
int,conv
T (t, xt, ξt). ✭✸✼✮
❖✉r ❛❧❣♦r✐t❤♠✱ ❝♦♠❜✐♥✐♥❣ t❤❡ ❙❉❉P ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞✱
❝♦♥s✐sts ✐♥ ✐t❡r❛t✐♦♥s ♦❢ ❛ ❢♦r✇❛r❞ ❛♥❞ ❛ ❜❛❝❦✇❛r❞ ♣❛ss✳ ■♥ t❤❡ ❢♦r✇❛r❞ ♣❛ss✱ ✇❡
✐♥t❡♥❞ t♦ ❝♦♠♣✉t❡ ❛ s✉❜✲♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥ s♦❧✉t✐♦♥ ❢♦r ❡❛❝❤ s✐♠✉❧❛t❡❞ tr❛❥❡❝t♦r②
(ξt) ❛♥❞ t♦ ♦❜t❛✐♥ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ ✭✷✮✳ ■♥ t❤❡ ❜❛❝❦✲
✇❛r❞ ♣❛ss✱ ✇❡ ❛✐♠ ❛t ❣❡♥❡r❛t✐♥❣ ❛ t✐❣❤t❡r ❧♦✇❡r ❜♦✉♥❞ t♦ ❜❡tt❡r ❛♣♣r♦①✐♠❛t❡
Qint(t, xt, ξt) ❛♥❞ t♦ ❣❡t ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ ✭✷✮✳ ❚❤❡ ❣❡♥❡r✲
❛t✐♦♥ ♦❢ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♦❝❝✉rs ✐♥ t❤❡ ❢♦r✇❛r❞ ♣❛ss ♣r♦❝❡❞✉r❡✳ ❲❡ ✜rst s♦❧✈❡
✭✸✹✮ ✇❤❡r❡ xˆt ✐s ✐♥t❡❣❡r ❞✉❡ t♦ ❆ss✉♠♣t✐♦♥ ✶✳✶✱ ❛♥❞ ❞❡♥♦t❡ ❜② (uˆ
cont
t , xˆt+1, ϑˆ)
t❤❡ ♦♣t✐♠❛❧ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥✳
❼ ■❢ uˆcontt ✐s ✐♥t❡❣❡r✱ ✇❡ s❡t uˆ
int
t = uˆ
cont
t ✱ ❛♥❞ ❣♦ ♦♥ ❞✐r❡❝t❧② t♦ t❤❡ ♥❡①t t✐♠❡
st❡♣ t+ 1✳
❼ ❖t❤❡r✇✐s❡✱ ✐♥ s♦♠❡ ❝❛s❡s✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ✉s❡ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ t❡❝❤♥✐q✉❡
t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ♥♦♥✲✐♥t❡❣❡r s♦❧✉t✐♦♥ (uˆcontt , xˆt+1, ϑˆ)✱ ❛♥❞ t❤✉s r❡✜♥❡ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♣♦❧②❤❡❞r♦♥ A(xt, ξt)✳
❘❡♠❛r❦ ✻✳✺✳ ❲❡ ✉s❡ ✭✸✹✮ t♦ ❜✉✐❧❞ ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ t♦ ❛♣♣r♦①✐♠❛t❡ convQint,cut(t, xt, ξt)✳
❚❤❡♥✱ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ✭✸✹✮ ✐s ❞✐✛❡r❡♥t ❢r♦♠ ✉s✐♥❣ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞ t♦ s♦❧✈❡
▼■▲P ❜② t❤❡ ✇❡❧❧ ❦♥♦✇♥ t❤❡♦r❡♠ ❬✶✾✱ ❚❤❡♦r❡♠ ✻✳✸✱ ❙❡❝t✐♦♥ ■✳✹✳✻❪✳ ■❢ ✇❡ ✇❛♥t
t♦ ❛♣♣❧② t❤❡ t❤❡♦r❡♠ t♦ tr❛♥s❢❡r t❤❡ ▼■▲P ✭✷✻✮ t♦ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ✭▲P✮✱
t❤❡ ❢❡❛s✐❜❧❡ s❡t s❤♦✉❧❞ ❜❡ convA(xt, ξt) ✐♥st❡❛❞ ♦❢ A(xt, ξt)✳ ❚❤❡ ❦❡② ❞✐✛❡r✲
❡♥❝❡ ✐s t❤❛t t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡s ❢♦r A(xt, ξt) ❛r❡ ✈❛❧✐❞ ❢♦r ❛❧❧ st❛t❡ ✈❛❧✉❡s X
int,ad
t ✱
✇❤✐❧st t❤❛t t❤❡ ♦♥❡s ❢♦r convA(xt, ξt) ♠❛② ❜❡ ♦♥❧② ✈❛❧✐❞ ❢♦r s♦♠❡ s♣❡❝✐✜❝ ✈❛❧✉❡s
xˆt ∈ X
int,ad
t ✳
❉✉r✐♥❣ t❤❡ ❢♦r✇❛r❞ ♣❛ss ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❝♦♠♣✉t✐♥❣
❛♥ ✐♥t❡❣❡r s♦❧✉t✐♦♥✳ ❚❤❡♥✱ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ❢♦r convA(xt, ξt) ✐s ✉s❡❢✉❧✳ ◆❡✈❡r✲
t❤❡❧❡ss✱ t❤❡② ❛r❡ t♦t❛❧❧② ✉s❡❧❡ss ✐♥ t❤❡ ❜❛❝❦✇❛r❞ ♣❛ss ♦❢ ♦✉r ❛❧❣♦r✐t❤♠✳
✻✳✶ ●❡♥❡r❛t✐♥❣ ❝✉tt✐♥❣ ♣❧❛♥❡s
❲❡ ❞✐s❝✉ss ❜❡❧♦✇ ❤♦✇ t♦ ❣❡♥❡r❛t❡ ❝✉tt✐♥❣ ♣❧❛♥❡s✳ ❲❡ ❞✐st✐♥❣✉✐s❤ 3 ❝❛s❡s ❞❡✲
♣❡♥❞✐♥❣ ♦♥ ✇❤❡r❡ uˆcontt t♦ ❜✉✐❧❞ ❛ ❝✉tt✐♥❣ ♣❧❛♥❡ ✐s ❧♦❝❛t❡❞✳
✻✳✶✳✶ ❈❛s❡ ✇❤❡♥ uˆcontt /∈ U
int,ad
t (xˆt)
❚❤✐s ✐s t❤❡ s✐♠♣❧❡st ❝❛s❡ ✇❤❡r❡ ✇❡ ❛r❡ s✉r❡ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ♦♣t✐♠❛❧ ♥♦♥✲✐♥t❡❣❡r
s♦❧✉t✐♦♥ uˆcontt ❢r♦♠ t❤❡ ❢❡❛s✐❜❧❡ s❡t U
int,ad
t (xˆt) = projuA(xˆt, ξt)✳ ❯s✐♥❣ ✈❛r✐♦✉s
❘❘ ♥➦ ✼✽✻✽
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❝✉tt✐♥❣ ♣❧❛♥❡ t❡❝❤♥✐q✉❡s ✭s❡❡ ❡✳❣✳ ❬✶✶✱ ✶✾❪✮✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ❛ ❝✉tt✐♥❣ ♣❧❛♥❡ ♦❢
t❤❡ ❢❡❛s✐❜✐❧✐t② ❝✉t ❢♦r♠✿ λxt xt + λ
u
t ut ≤ λ
0
t ✳ ❍❡r❡✱ ✇❡ ♣r❡s❡♥t t❤❡ ❋❡♥❝❤❡❧ ❝✉t
♠❡t❤♦❞ ❬✾❪✳ ❚❤❡ ▼■P ♣r♦❜❧❡♠ ❛ss♦❝✐❛t❡❞ t♦ ❜✉✐❧❞ ❋❡♥❝❤❡❧ ❝✉t ✐s
max
λxt ,λ
u
t
min
xt,ut
λxt (xˆt − xt) + λ
u
t (uˆ
cont
t − ut)
s✉❜❥❡❝t t♦ (λxt , λ
u
t ) ∈ Λ,
(xt, ut) ∈ (X,U)
int,ad
t ;
✭✸✽✮
✇❤❡r❡ Λ ✐s t❤❡ ✉♥✐t s♣❤❡r❡ ✐♥ ❛ ♣r♦♣❡r ♥♦r♠✳ ❚❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ✐s λxt xt+λ
u
t ut ≤
λ0t ✱ ✇❤❡r❡ λ
0
t = λ
x
t x
∗
t +λ
u
t u
∗
t ✱ ❛♥❞ (λ
x
t , λ
u
t , x
∗
t , u
∗
t ) ✐s t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ ✭✸✽✮✳
❲❡ t❤❡♥ ❛❞❞ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ✐♥t♦ t❤❡ ❢❡❛s✐❜✐❧✐t② ❝✉t ❝♦❧❧❡❝t✐♦♥ It✳
❚❤❡ ▼■P ♣r♦❜❧❡♠ ✭✸✽✮ ❝❛♥ ❛❧s♦ ❤❡❧♣ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ s❡t conv(X,U)int,adt ✳
■❢ (xˆt, uˆ
cont
t ) ∈ conv(X,U)
int,ad
t ✱ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ ✭✸✽✮ ✐s ✵✳ ❖t❤❡r✇✐s❡✱ t❤❡
♦♣t✐♠❛❧ ✈❛❧✉❡ ✐s str✐❝t ♣♦s✐t✐✈❡✳
❘❡♠❛r❦ ✻✳✻✳ ■t ♠❛② ❜❡ s✉r♣r✐s✐♥❣ t❤❛t ✇❡ ✉s❡ ❛ ▼■P ♣r♦❜❧❡♠ ✭✸✽✮ t♦ ❣❡♥❡r❛t❡
❛ ❝✉tt✐♥❣ ♣❧❛♥❡✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ♣❛♣❡r✱ t❤✐s ✐s ♠❡❛♥✐♥❣❢✉❧ s✐♥❝❡ ✇❡ ✐♥t❡♥❞ t♦
s♦❧✈❡ ❛ st♦❝❤❛st✐❝ ♣r♦❜❧❡♠✳ ❚❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ❣❡♥❡r❛t❡❞ ✐♥ ✭✸✽✮ ✐s ✉♥✐✈❡rs❛❧
✈❛❧✐❞ ❢♦r ❛♥② r❡❛❧✐③❛t✐♦♥ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξt✳ ❲❡ ❤❛✈❡ s✉❝❤ ♥✐❝❡ ♣r♦♣❡rt②
s✐♥❝❡ t❤❡ ❢❡❛s✐❜❧❡ s❡ts ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✸ ❛r❡ ❞❡t❡r♠✐♥✐st✐❝ ❛s ♠❡♥t✐♦♥❡❞ ✐♥
r❡♠❛r❦ ✸✳✶✳
❊①❛♠♣❧❡ ✻✳✼ ✭❡①❛♠♣❧❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s✉❜♣r♦❜❧❡♠ ✇❤❡r❡
ξ = −2 ❛♥❞ xˆ0 = 3✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s r❡❧❛①❛t✐♦♥ ♣r♦❜❧❡♠ r❡t✉r♥s t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥ (uˆcont0 , xˆ1, ϑˆ) = (1.5, 6, 1.5)✱ ✇❤❡r❡ uˆ
cont
0 /∈ U
int,ad
0 (xˆ0) = [0, 1]✳
x01 2 3
u0
1
2
3
O
❋✐❣✉r❡ ✺✿ t❤❡ ❢❡❛s✐❜❧❡ s❡t ♦♥ (x0, u0) s✉❜s♣❛❝❡❀ t❤❡ r❡❞ ♣♦✐♥t ✐s t❤❡ ♦♣t✐♠❛❧
❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥❀ t❤❡ ❜❧✉❡ ❧✐♥❡ ✐s t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡✳
❆ ❝✉tt✐♥❣ ♣❧❛♥❡ x0 + u0 ≤ 4 ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ♥♦♥✲✐♥t❡❣❡r
♣♦✐♥t ✭s❡❡ ❋✐❣✉r❡ ✺✮✳ ❚❤❡♥✱ ❛❢t❡r ❛❞❞✐♥❣ t❤✐s ❝✉tt✐♥❣ ♣❧❛♥❡✱ t❤❡ s✉❜♣r♦❜❧❡♠
✭✸✹✮ r❡t✉r♥s t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ (uˆcont0 , xˆ1, ϑˆ) = (1, 5, 1)✱ ✇❤❡r❡ uˆ
cont
0 ✐s ✐♥t❡❣❡r✳
❋✐♥❛❧❧②✱ t❤❡ ❞✉❛❧ ✈❛❧✉❡ ♦❢ ✭✸✹✮ ❤❡❧♣s ❜✉✐❧❞ ❛♥ ♦♣t✐♠❛❧✐t② ❝✉t 1.5x0 − 5.5 ♦❢
Qcut(x0, ξ = −2) ✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ ❝♦♥✈❡① ❤✉❧❧ convQ
int,cut(x0, ξ = −2) ❛t
♣♦✐♥t x0 = 3 ✭s❡❡ ❋✐❣✉r❡ ✹✮✳
❘❘ ♥➦ ✼✽✻✽
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◆❡✈❡rt❤❡❧❡ss✱ ✐❢ t❤❡ ♥♦♥✲✐♥t❡❣❡r s♦❧✉t✐♦♥ uˆcontt ∈ U
int,ad
t (xˆt)✱ t❤❡ ♣r♦❜❧❡♠ ✐s
♠✉❝❤ ♠♦r❡ ❝♦♠♣❧❡①✱ ❛♥❞ t❤❛t ✐s t❤❡ r❡❛s♦♥ ♦❢ t❤❡ ♥♦♥✲❝♦♥✈❡①✐t② ♦❢ t❤❡ ❇❡❧❧♠❛♥
✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣❡r ♣r♦❜❧❡♠✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧②s✐s✱ ✇❡ s❡♣❛r❛t❡
✷ ❝❛s❡s ❡✐t❤❡r uˆcontt ∈ U
int,ad
t (xˆt) \ convU
int,ad
t (xˆt) ♦r uˆ
cont
t ∈ convU
int,ad
t (xˆt)✳
❋✉rt❤❡r♠♦r❡✱ ✐❢ uˆcontt ∈ U
int,ad
t (xˆt)✱ ❛♥② ❝✉tt✐♥❣ ♣❧❛♥❡ ♦❢ t❤❡ ❢❡❛s✐❜✐❧✐t② ❝✉t ❢♦r♠
λxxt+λ
uut ≤ λ
0 ✐s ♥♦t ✉s❡❢✉❧ ❛♥②♠♦r❡ ❜② Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ ❚❤❡♥✱ ✇❡ ✇✐❧❧ ❢♦❝✉s
♦♥ ❣❡♥❡r❛t✐♥❣ ❝✉tt✐♥❣ ♣❧❛♥❡s ♦❢ t❤❡ ♦♣t✐♠❛❧✐t② ❝✉t ❢♦r♠✿ ϑ ≥ λ
x
xt+1+λ
u
ut+λ
0
✳
✻✳✶✳✷ ❈❛s❡ ✇❤❡♥ uˆcontt ∈ U
int,ad
t (xˆt) \ convU
int,ad
t (xˆt)
▲❡t ✉s st❛rt ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ t♦ ✐❧❧✉str❛t❡ t❤✐s ❝❛s❡✳
❊①❛♠♣❧❡ ✻✳✽ ✭❡①❛♠♣❧❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s✉❜♣r♦❜❧❡♠ ✇❤❡r❡
ξ = −2 ❛♥❞ xˆ0 = 1✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥ ✐s (uˆ
cont
0 , xˆ1, ϑˆ) = (2.5, 6, 1.5)✱
✇❤❡r❡ uˆcontt ∈ U
int,ad
0 (xˆ0) \ convU
int,ad
t (xˆ0) = [2, 2.5]✳ ❋✐❣✉r❡ ✻ ✐❧❧✉str❛t❡s t❤❡
❢❡❛s✐❜❧❡ s❡t ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥✳ ❚❤✐s ❡①❛♠♣❧❡ s❤♦✇s t❤❛t t❤✐s
u01 2
θ
1
✭❛✮ t❤❡ ❢❡❛s✐❜❧❡ s❡t ♦♥ (u0, θ) s✉❜s♣❛❝❡ ✇❤❡r❡ ✇❡
r❡♣❧❛❝❡ x1 ❜② 2u0 + xˆ0❀ t❤❡ r❡❞ ♣♦✐♥t ✐s t❤❡ ♦♣t✐✲
♠❛❧ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥❀ t❤❡ ❜❧✉❡ ❞❛s❤❡❞ ❧✐♥❡ ✐s
t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳
x01 2 3
u0
1
2
3
O
✭❜✮ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❢❡❛s✐❜❧❡ s❡t ♦♥t♦
(x0, u0) s✉❜s♣❛❝❡❀ t❤❡ r❡❞ ♣♦✐♥t ✐s t❤❡
♦♣t✐♠❛❧ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥✳
❋✐❣✉r❡ ✻✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❡①❛♠♣❧❡ ✻✳✽✳
❝❛s❡ ✐s s❡♥s✐t✐✈❡ t♦ t❤❡ ♥♦♥✲❝♦♥✈❡①✐t② ❛♥❞ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ Qint,cut(t, xt, ξt)
✭s❡❡ ❋✐❣✉r❡ ✹ ❛t ♣♦✐♥t ξ = −2✱ x0 = 1✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞
♠❛② ❢❛✐❧ t♦ ❝♦♠♣✉t❡ t❤❡ ♦♣t✐♠❛❧ ✐♥t❡❣❡r s♦❧✉t✐♦♥✳
■❢ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞ ❢❛✐❧s t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ♥♦♥✲✐♥t❡❣❡r s♦❧✉t✐♦♥✱ ✇❡
❤❛✈❡ t♦ s♦❧✈❡ t❤❡ ▼■▲P ♣r♦❜❧❡♠ ✭✷✻✮ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ ❛♥ ✐♥t❡❣❡r s♦❧✉t✐♦♥
❛♥❞ t♦ ❝♦♥t✐♥✉❡ t❤❡ ❢♦r✇❛r❞ ♣❛ss ♦❢ t❤❡ ❙❉❉P ❛❧❣♦r✐t❤♠✳ ■♥ ❡①❛♠♣❧❡ ✻✳✽✱ t❤❡
▼■▲P ✭✷✻✮ r❡t✉r♥s ❛♥ ✐♥t❡❣❡r s♦❧✉t✐♦♥ (uˆ0, xˆ1) = (2, 5)✳
❘❡♠❛r❦ ✻✳✾✳ ❙✐♥❝❡ ✭✷✻✮ ✐s ❛ ▼■▲P ♣r♦❜❧❡♠✱ s♦♠❡ ♠❡t❛❤❡✉r✐st✐❝ ♠❡t❤♦❞s ❬✶✷❪ ✐♥
✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❤❡r❡✱ ❢♦r ✐♥st❛♥❝❡ t❤❡ ✐♥t❡❣❡r ❧♦❝❛❧ s❡❛r❝❤
♠❡t❤♦❞ ✭s❡❡ ❲❛❧s❡r ❬✸✵❪✮✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❛✈♦✐❞ s♦❧✈✐♥❣ ❛ ▼■▲P ♣r♦❜❧❡♠ ✭✷✻✮✳
❚❤❡ s♦❧✉t✐♦♥ ❜② ♠❡t❛❤❡✉r✐st✐❝ ♠❡t❤♦❞ ✐s ♦❢ ❝♦✉rs❡ ✐ts❡❧❢ s✉❜✲♦♣t✐♠❛❧✳
❘❘ ♥➦ ✼✽✻✽
❙▼■▲P ❜② ❉❉P ✶✾
❋♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✸✳✷✱ ✐❢ Xint,adt ✐s ❜✐♥❛r②✱ U
int,ad
t (xˆt) = convU
int,ad
t (xˆt) ❛♥❞
t❤❡ ❝❛s❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❝✉rr❡♥t s✉❜s❡❝t✐♦♥ ❞♦❡s ♥♦t ❤❛♣♣❡♥✳
✻✳✶✳✸ ❈❛s❡ ✇❤❡♥ uˆcontt ∈ convU
int,ad
t (xˆt)
❲❡ ✜rst ✐❧❧✉str❛t❡ t❤❡ ❝❛s❡ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳
❊①❛♠♣❧❡ ✻✳✶✵ ✭❡①❛♠♣❧❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s✉❜♣r♦❜❧❡♠ ✇❤❡r❡
xˆ0 = 2✱ ξ = 0.5✳ ❋✐❣✉r❡ ✼ ✐❧❧✉str❛t❡s t❤❡ ❢❡❛s✐❜❧❡ s❡t ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ❝♦♥t✐♥✉♦✉s
s♦❧✉t✐♦♥✳ ❚❤❡ ♦♣t✐♠❛❧ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥ ✐s (uˆcont0 , xˆ1, ϑˆ) = (0.5, 3, 0)✱ ✇❤❡r❡
u01 2
θ
1
O
✭❛✮ t❤❡ ❢❡❛s✐❜❧❡ s❡t ♦♥ (u0, θ) s✉❜s♣❛❝❡ ✇❤❡r❡
✇❡ r❡♣❧❛❝❡ x1 ❜② 2u0 + xˆ0❀ t❤❡ r❡❞ ♣♦✐♥t
✐s t❤❡ ♦♣t✐♠❛❧ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥❀ t❤❡ ❜❧✉❡
❞❛s❤❡❞ ❧✐♥❡ ✐s t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳
x01 2 3
u0
1
2
3
O
✭❜✮ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❢❡❛s✐❜❧❡ s❡t ♦♥t♦
(x0, u0) s✉❜s♣❛❝❡❀ t❤❡ r❡❞ ♣♦✐♥t ✐s t❤❡
♦♣t✐♠❛❧ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥✳
❋✐❣✉r❡ ✼✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❡①❛♠♣❧❡ ✻✳✶✵✳
uˆcont0 ✐s ♥♦t ✐♥t❡❣❡r✱ ❜✉t ✐t ✐s ✐♥ convU
int,ad
0 (xˆ0) = [0, 3]✳ ❚❤✐s ✐s ❛♥♦t❤❡r r❡❛s♦♥
t♦ ❝❛✉s❡ t❤❡ ♥♦♥✲❝♦♥✈❡①✐t② ♦❢ Qint,cut(x0, ξ) ✭s❡❡ ❋✐❣✉r❡ ✹ ❛t ♣♦✐♥t x0 = 2✱
ξ = 0.5✮✳
❚❤❡r❡❢♦r❡✱ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞ ❛❣❛✐♥ ❢❛✐❧s t♦ ❡❧✐♠✐♥❛t❡ ❛♥ ♦♣t✐♠❛❧ ♥♦♥✲
✐♥t❡❣❡r s♦❧✉t✐♦♥✳ ■♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ ❛♥ ✐♥t❡❣❡r s♦❧✉t✐♦♥ uˆintt ✱ ✇❡ ❤❛✈❡ t♦ s♦❧✈❡
t❤❡ ▼■▲P ♣r♦❜❧❡♠ ✭✷✻✮✳
❈❛s❡ ✇❤❡♥ xˆt ✐s ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ convX
int,ad
t ✳ ❍♦✇❡✈❡r✱ ✐❢ xˆt ✐s ❛♥
❡①tr❡♠❡ ♣♦✐♥t ♦❢ convXint,adt ✱ A(xt, ξt) ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❈♦r♦❧❧❛r② ✻✳✷✳ ❋✉r✲
t❤❡r♠♦r❡✱ ✐❢ ♣r♦❜❧❡♠ ✭✷✻✮ ❤❛s ❛ ✉♥✐q✉❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ❜② ❬✶✾✱ ❚❤❡♦r❡♠ ✻✳✸✱
❙❡❝t✐♦♥ ■✳✹✳✻❪✱ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭✷✾✮ ✐s ✉♥✐q✉❡ ❛♥❞ ✐♥t❡❣❡r✱ ❛♥❞
❜♦t❤ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❝♦✐♥❝✐❞❡✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ✭✸✹✮ r❡t✉r♥s ❛♥ ♦♣t✐♠❛❧ ♥♦♥✲
✐♥t❡❣❡r s♦❧✉t✐♦♥ uˆcontt ✱ ✇❡ ❝❛♥ ❣❡♥❡r❛t❡ ❛ ❝✉tt✐♥❣ ♣❧❛♥❡ ♦❢ ♦♣t✐♠❛❧✐t② ❝✉t ❢♦r♠
t♦ ❡❧✐♠✐♥❛t❡ uˆcontt ❛♥❞ ❛❞❞ ✐t ✐♥t♦ Ot(ξt)✳
❚❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ❣❡♥❡r❛t✐♥❣ ♣r♦❝❡❞✉r❡ ❛r❡✿
❼ ❲❡ ❝❛♥ ✜rst ❜✉✐❧❞ ❛ ❝✉tt✐♥❣ ♣❧❛♥❡ ❢♦r convA(xˆt, ξt) ❜② ✈❛r✐♦✉s ♠❡t❤♦❞s
✭s❡❡ ❡✳❣✳ ❬✶✶✱ ✶✾❪✮✱ ❢♦r ✐♥st❛♥❝❡ t❤❡ ●♦♠♦r② ❝✉t t❡❝❤♥✐q✉❡ ❬✶✸✱ ✸❪✳ ■♥ ✈✐❡✇
♦❢ ❈♦r♦❧❧❛r② ✻✳✷ ❛♥❞ t❤❡ ❢❛❝t t❤❛t uˆcontt ∈ U
int,ad
t (xˆt)✱ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ✐s
❘❘ ♥➦ ✼✽✻✽
❙▼■▲P ❜② ❉❉P ✷✵
♦❢ ❢♦r♠✿
ϑ ≥ λˆ
x
t xt+1 + λˆ
0
t . ✭✸✾✮
◆♦t❡ t❤❛t t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ❣❡♥❡r❛t❡❞ ✉♥t✐❧ ♥♦✇ ♠❛② ❜❡ ♦♥❧② ✈❛❧✐❞ ❢♦r
convA(xˆt, ξt)✱ ✐✳❡✳ ♥♦t ✈❛❧✐❞ ❢♦r A(xt, ξt), xt 6= xˆt✳
❼ ❙✐♥❝❡ xt = xt+1 −Atut✱ t❤❡♥
〈x∗, xt+1 −Atut − xˆt〉 ≤ 0, ∀x
∗ ∈ NconvXint,adt
(xˆt); ✭✹✵✮
✇❤❡r❡ NK(x) ✐s t❤❡ ♥♦r♠❛❧ ❝♦♥❡ ♦❢ K ❛t ♣♦✐♥t x✳ ❙✐♥❝❡ xˆt ✐s ❛♥ ❡①tr❡♠❡
♣♦✐♥t ♦❢ convXint,adt ✱ t❤❡♥ int
(
NconvXint,adt
(xˆt)
)
✐s ♥♦t ❡♠♣t②✳ ❋✐♥❛❧❧②✱
❛❞❞✐♥❣ ✭✹✵✮ ♦♥t♦ ✭✸✾✮✱ ✇❡ ❤❛✈❡
ϑ ≥ (λˆ
x
t +x
∗)xt+1−x
∗Atut+(λˆ
0
t −x
∗xˆt), ∀x
∗ ∈ NconvXint,adt
(xˆt) ✭✹✶✮
✐s st✐❧❧ ✈❛❧✐❞ ❢♦r convA(xˆt, ξt)✳
❼ ❚❤❡ ✜♥❛❧ st❡♣ ✐s t♦ ❝❤♦♦s❡ x∗ ∈ NconvXint,adt
(xˆt) s✉❝❤ t❤❛t t❤✐s ❝✉tt✐♥❣
♣❧❛♥❡ ✭✹✶✮ ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ A(xt, ξt) s✉❝❤ t❤❛t xt ∈ X
int,ad
t ✳ ❚❤❡♥✱ ✭✹✶✮ ✐s
t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r✳ ❲❡ ✜rst s♦❧✈❡ t✇♦ ❧✐♥❡❛r ♣r♦❣r❛♠s
t❤❛t
ϑlb := min
{
ϑ, s✳t✳ xt+1 ∈ convX
int,ad
t+1 ,
ϑ ≥ λ
x
t xt+1 + λ
0
t , ∀(λ
x
t , λ
0
t ) ∈ Ot(ξ)
}
; ✭✹✷✮
❛♥❞
ϑub := max
{
λˆ
x
t xt+1 + λˆ
0
t , s✳t✳ xt+1 ∈ convX
int,ad
t+1
}
; ✭✹✸✮
❛♥❞ ❞❡♥♦t❡ ❜② ϑlb ❛♥❞ ϑub t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ t♦ ✭✹✷✮ ❛♥❞ t♦ ✭✹✸✮✳ ❘❡♠❛r❦
t❤❛t ✐♥ ✭✹✷✮✱ ✇❡ ❥✉st ❛❞❞ t❤❡ ♦♣t✐♠❛❧✐t② ❝✉ts ✇❤✐❝❤ ❛♣♣r♦①✐♠❛t❡ Q
cut
(t+
1, xt+1, ξt)✳ ❚❤❡♥✱ ✇❡ ✐♥t❡♥❞ t♦ ✜♥❞ ❛ x
∗ s✉❝❤ t❤❛t
x∗(xt − xˆt) ≤ ϑ
lb − ϑub, ✭✹✹✮
❢♦r ❛❧❧ xt ∈ X
ck(xˆt, d, αˆ), d ∈ int
(
NconvXint,adt
(xˆt)
)
✱ ✇❤❡r❡ Xck(xˆt, d, α), α ≤
0 ✐s ❞❡✜♥❡❞ ❛s
X
ck(xˆt, d, α) :=
{
xt : 〈d, xt − xˆt〉 = α, xt ∈ convX
int,ad
t
}
. ✭✹✺✮
❲❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ δ(α) = maxx∈Xck(xˆt,d,α)|x− xˆt|2✳ ❖❜✈✐♦✉s❧②✱ δ(·) ✐s
❝♦♥t✐♥✉♦✉s ❛♥❞ str✐❝t ❞❡❝r❡❛s✐♥❣✱ ❛♥❞ t❤❡♥ δ−1(·) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ str✐❝t
❞❡❝r❡❛s✐♥❣✳ ❋✐♥❛❧❧②✱ ✇❡ t❛❦❡
αˆ := δ−1(1) =
{
α : max
x∈Xck(xˆt,d,α)
|x− xˆt|2 = 1
}
. ✭✹✻✮
❚❤❡ ❋✐❣✉r❡ ✽ ✐❧❧✉str❛t❡s t❤❡ s❡t Xck(xˆt, d, αˆ)✳
❘❘ ♥➦ ✼✽✻✽
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xˆt
convXint,adt
x∗
N
convX
int,ad
t
(xˆt)
d
Xck(xˆt, d)
1
❋✐❣✉r❡ ✽✿ ✐❧❧✉str❛t✐♦♥ ♦❢ Xckt (xˆt, d) ❛♥❞ x
∗✳
❖❜✈✐♦✉s❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ x∗ ∈ int
(
NconvXint,adt
(xˆt)
)
✱
s✐♥❝❡
lim
κ→∞
〈κx∗, xt − xˆt〉 = −∞, ∀x
∗ ∈ int
(
NconvXint,adt
(xˆt)
)
. ✭✹✼✮
❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ ❢♦r ❛❧❧ xt ∈ X
int,ad
t \ {xˆt}✱ t❤❡r❡ ❡①✐sts κ ≥ 1, x
ck ∈
Xck(xˆt, d, αˆ)✱ s✉❝❤ t❤❛t xt−xˆt = κ(x
ck−xˆt)✱ t❤❡♥ ❢♦r ❛❧❧ xt ∈ X
int,ad
t \{xˆt}✱
ut ∈ convU
int,ad
t (xt)✱ s✉❝❤ t❤❛t xt+1 = xt +Atut✿
(λˆ
x
t + x
∗)xt+1 − x
∗Atut + (λˆ
0
t − x
∗xˆt)
= λˆ
x
t xt+1 + λˆ
0
t + x
∗(xt − xˆt)
≤ ϑub + κx∗(xck − xˆt) ≤ ϑ
lb.
✭✹✽✮
❚❤❡♥✱ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ✭✹✶✮ ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡ ❛♥②t❤✐♥❣ ♦♥ ♦t❤❡r ♣♦✐♥ts
✐♥ Xint,adt ❡①❝❡♣t xˆt✳ ❍❡♥❝❡✱ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ✭✹✶✮ ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ A(xt, ξt)
s✉❝❤ t❤❛t xt ∈ X
int,ad
t ✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✐❧❧✉str❛t❡s t❤❡ ❝❛s❡ ✇❤❡♥ xˆt ✐s ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢
convXint,adt ✳
❊①❛♠♣❧❡ ✻✳✶✶ ✭❡①❛♠♣❧❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s✉❜♣r♦❜❧❡♠ ✇❤❡♥
xˆ0 = 0✱ ξ = 0.5✳ ❚❤❡ ♦♣t✐♠❛❧ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥ ✐s (uˆ
cont
0 , xˆ1, ϑˆ) = (1.5, 3, 0)✱
✇❤❡r❡ uˆcont0 ✐s ♥♦t ✐♥t❡❣❡r✱ ❜✉t ✐t ✐s ✐♥ convU
int,ad
0 (0) = [0, 3]✳ ❋✐❣✉r❡ ✾ ✐❧❧✉str❛t❡s
t❤❡ ❢❡❛s✐❜❧❡ s❡t✳
❙✐♥❝❡ xˆ0 = 0 ✐s ❛♥ ❡①tr❡♠❡ ♣♦✐♥t ♦❢ convX
int,ad
0 = [0, 3]✱ ✇❡ ✉s❡ t❤❡ ♣r❡✈✐♦✉s
♣r♦❝❡❞✉r❡ t♦ ❜✉✐❧❞ ❛ ❝✉tt✐♥❣ ♣❧❛♥❡✳ ❆♣♣❧②✐♥❣ t❤❡ ●♦♠♦r② ❝✉t t❡❝❤♥✐q✉❡ ♦♥t♦
convA(xˆ0 = 0, ξ = 0.5) r❡t✉r♥s ❛♥ ✐♥❡q✉❛❧✐t②
ϑ ≥ 0.5,
✇❤✐❝❤ ❡❧✐♠✐♥❛t❡s t❤❡ ♥♦♥✲✐♥t❡❣❡r ♣♦✐♥t uˆcont0 = 1.5✳ ❚❤❡ ♥♦r♠❛❧ ❝♦♥❡ ✐sNconvXint,adt
(x0 =
0) = {x∗ ≤ 0}✳ ❖❜✈✐♦✉s❧②✱ ✇❡ ❤❛✈❡ ϑlb = 0 ❛♥❞ ϑub = 0.5✳ ❚❤❡♥✱ ❢♦❧❧♦✇✐♥❣ ✭✹✹✮✱
❘❘ ♥➦ ✼✽✻✽
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u01 2 3
θ
1
O
✭❛✮ t❤❡ ❢❡❛s✐❜❧❡ s❡t ♦♥ (u0, θ) s✉❜s♣❛❝❡ ✇❤❡r❡ ✇❡
r❡♣❧❛❝❡ x1 ❜② 2u0 + xˆ0❀ t❤❡ r❡❞ ♣♦✐♥t ✐s t❤❡ ♦♣t✐✲
♠❛❧ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥❀ t❤❡ ❜❧✉❡ ❞❛s❤❡❞ ❧✐♥❡ ✐s
t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❀ ✇❤✐❧st t❤❡ ❜❧✉❡ ❧✐♥❡ ✐s t❤❡
❝✉tt✐♥❣ ♣❧❛♥❡✳
x01 2 3
u0
1
2
3
O
✭❜✮ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❢❡❛s✐❜❧❡ s❡t ♦♥t♦
(x0, u0) s✉❜s♣❛❝❡❀ t❤❡ r❡❞ ♣♦✐♥t ✐s t❤❡
♦♣t✐♠❛❧ ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥✳
❋✐❣✉r❡ ✾✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❡①❛♠♣❧❡ ✻✳✶✶✳
✇❡ ♥❡❡❞ t♦ ✜♥❞ x∗ ≤ 0 s✉❝❤ t❤❛t x∗ ≤ −0.5✳ ❚❛❦✐♥❣ x∗ = −0.5 ❣✐✈❡s ✉s t❤❛t ❛
❝✉tt✐♥❣ ♣❧❛♥❡
ϑ ≥ u0 − 0.5x1 + 0.5.
❆❢t❡r ❛❞❞✐♥❣ t❤✐s ✐♥❡q✉❛❧✐t②✱ ♣r♦❜❧❡♠ ✭✸✹✮ r❡t✉r♥s ❛♥ ✐♥t❡❣❡r s♦❧✉t✐♦♥ uˆ0 = 1✳
❋✐♥❛❧❧②✱ ♣r♦❜❧❡♠ ✭✸✹✮ ❝❛♥ ❜✉✐❧❞ ❛♥ ♦♣t✐♠❛❧✐t② ❝✉t ϑ ≥ −0.5x0+1 ♦❢ Q
cut(x0, ξ =
0.5) ✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ ❝♦♥✈❡① ❤✉❧❧ convQint,cut(x0, ξ = 0.5) ❛r♦✉♥❞ ♣♦✐♥t
x0 = 0✳ ❖❢ ♠♦st ✐♠♣♦rt❛♥❝❡✱ t❤✐s ❝✉tt✐♥❣ ♣❧❛♥❡ ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ st❛t❡ ✈❛❧✉❡s
x0 ∈ {0, 1, 2, 3}✳
❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳
❚❤❡♦r❡♠ ✻✳✶✷✳ ■❢ Xint,adt ⊂ B
m✱ t❤❡♥ ✇❡ ❝❛♥ s♦❧✈❡ t❤❡ ♠✉❧t✐✲st❛❣❡ ❙▼■▲P ✭✷✮
❡①❛❝t❧② ❜② ♦✉r ❛❧❣♦r✐t❤♠✳
Pr♦♦❢✳ ❲❡ ❤❛✈❡ ✜rst t❤❛t Qint,convT (t, xt, ξt) = Q
int(t, xt, ξt) ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✱
❛♥❞ Qint,cut(t, xt, ξt) ≤ Q
int,conv
T (t, xt, ξt) ❜② r❡♠❛r❦ ✻✳✹✳ ■t ♥♦✇ s✉✣❝❡s t♦
s❤♦✇ t❤❛t Qint(t, xt, ξt) ≤ Q
cut(t, xt, ξt)✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t♦ s❛② t❤❛t ✭✸✹✮ ❛❧✇❛②s
r❡t✉r♥s ❛♥ ✐♥t❡❣❡r s♦❧✉t✐♦♥ ❜② ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞✳
❇② ❢♦r✇❛r❞ ✐♥❞✉❝t✐♦♥✱ xˆt ✐s ✐♥t❡❣❡r✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❈♦r♦❧❧❛r② ✸✳✸✱ uˆ
cont
t ✐s
❡✐t❤❡r ✐♥ convUint,cutt (xˆt) ♦r ♥♦t ✐♥ U
int,cut
t (xˆt)✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ✇❡ ❝❛♥ ❜✉✐❧❞ ❛
❝✉tt✐♥❣ ♣❧❛♥❡s t♦ ❡❧✐♠✐♥❛t❡ ❛♥② ♦♣t✐♠❛❧ ♥♦♥✲✐♥t❡❣❡r s♦❧✉t✐♦♥ uˆcontt ✳ ❚❤❡♥✱ t❤❡
r❡s✉❧t ❢♦❧❧♦✇s✳
✻✳✷ ❆❧❣♦r✐t❤♠
❲❡ s✉♠♠❛r✐③❡ ✐♥ ❆❧❣♦r✐t❤♠ ✶ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❣❡♥❡r❛t✐♥❣ ❝✉tt✐♥❣ ♣❧❛♥❡ ❛♥❞
♦❢ ❝♦♠♣✉t✐♥❣ ✐♥t❡❣❡r s♦❧✉t✐♦♥✳ ❘❡♠❛r❦ t❤❛t ✐♥ ❣❡♥❡r❛❧✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❜✉✐❧❞
✐♥✜♥✐t❡ ❝✉tt✐♥❣ ♣❧❛♥❡s✱ ♦r t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞ ❢❛✐❧s t♦ ❣❡♥❡r❛t❡❞ ❛♥ ✐♥t❡❣❡r
s♦❧✉t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♥❡❡❞ t♦ ✜① ❛ ♠❛①✐♠✉♠ ✐t❡r❛t✐♦♥ ♥✉♠❜❡r Nmaxcut t♦ ❛✈♦✐❞
✐♥✜♥✐t❡ ❧♦♦♣✳
❘❘ ♥➦ ✼✽✻✽
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❆❧❣♦r✐t❤♠ ✶ ❣❡♥❡r❛t❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ❛♥❞ ❝♦♠♣✉t❡ ✐♥t❡❣❡r s♦❧✉t✐♦♥
ncut = 0❀
r❡♣❡❛t
s♦❧✈❡ ♣r♦❜❧❡♠ ✭✸✹✮ ❛♥❞ s❡t ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ uˆcontt ❀
✐❢ uˆcontt /∈ Z
n
ncut = ncut + 1❀
✐❢ uˆcontt /∈ U
int,ad
t (x
m
t )
❝♦♠♣✉t❡ ❢❡❛s✐❜✐❧✐t② ❝✉t ❜② ❋❡♥❝❤❡❧ ❝✉t ✭✸✽✮ ❛♥❞ ❛❞❞ ✐♥t♦ It❀
❡❧s❡
❝♦♠♣✉t❡ ♦♣t✐♠❛❧✐t② ❝✉t ❜② t❤❡ ♣r♦❝❡❞✉r❡ ✐♥ s❡❝t✐♦♥ ✻✳✶✳✸ ❛♥❞ ❛❞❞ ✐♥t♦ Ot(ξt)❀
❡♥❞ ✐❢
✐❢ ncut ≥ N
max
cut
s♦❧✈❡ ▼■▲P ♣r♦❜❧❡♠ ✭✷✻✮ ❛♥❞ s❡t ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ uˆcontt ❀
❡♥❞ ✐❢
❡♥❞ ✐❢
✉♥t✐❧ uˆcontt ∈ Z
n
❋✐♥❛❧❧②✱ ✇❡ s✉♠♠❛r✐③❡ t❤❡ ✇❤♦❧❡ ❛❧❣♦r✐t❤♠ ✐♥ ❆❧❣♦r✐t❤♠ ✷✳ ❙✐♥❝❡ ✐♥ ❣❡♥❡r❛❧✱
t❤❡ ✉♣♣❡r ❜♦✉♥❞ v ❛♥❞ t❤❡ ❧♦✇❡r ❜♦✉♥❞ v ❞♦ ♥♦t ❝♦♥✈❡r❣❡✳ ❍❡♥❝❡✱ ✇❡ ❞♦ ♥♦t
❛♣♣❧② t❤❡ ✉s✉❛❧ t❤❡ ❙❉❉P st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥ |v− v| ≤ 1.96σ(v)✳ ❲❡ ❤❡r❡ ✜① ❛
♠❛①✐♠✉♠ ✐t❡r❛t✐♦♥ ♥✉♠❜❡r Nmaxloop t♦ ❛✈♦✐❞ ✐♥✜♥✐t❡ ❧♦♦♣✳
❊①❛♠♣❧❡ ✻✳✶✸ ✭❡①❛♠♣❧❡ ✷✳✷ ❝♦♥t✐♥✉❡❞✮✳ ❋✐♥❛❧❧②✱ ❤❛✈✐♥❣ ❝♦♠♣✉t❡❞ ❝✉tt✐♥❣ ♣❧❛♥❡s
❢♦❧❧♦✇✐♥❣ t❤❡ 3 ❝❛s❡s✱ ✇❡ ✜♥❛❧❧② ♦❜t❛✐♥ s♦♠❡ ✐♠♣r♦✈❡♠❡♥t t♦ ♦❜t❛✐♥ t✐❣❤t❡r
❧♦✇❡r ❜♦✉♥❞s ♦❢ Qint(x0, ξ) ❛♥❞ Q
int(x0) t❤❛♥ Q
cont(x0, ξ) ❛♥❞ Q
cont(x0) ✐♥
t❤❡ ❡①❛♠♣❧❡ ✷✳✷ ✭s❡❡ ❋✐❣✉r❡ ✶✵✮✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♦❜t❛✐♥ ❡①❛❝t❧②
convQint,conv1 (x0, ξ) ❛♥❞ Q
int,conv
1 (x0)✳
✼ ◆✉♠❡r✐❝❛❧ t❡st ♦♥ ▲◆● ♣♦rt❢♦❧✐♦
❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ ❣❛s tr❛❞✐♥❣ ♣♦rt❢♦❧✐♦✳ ❆ tr❛❞✐♥❣ ❝♦♠♣❛♥② ♣✉r❝❤❛s❡s ♥❛t✉r❛❧
❣❛s ❢r♦♠ ❛ s❡t ♦❢ ♣r♦❞✉❝✐♥❣ ❝♦✉♥tr✐❡s ✐♥❞❡①❡❞ ❛t ❛ ♣r✐❝❡ ❢♦r♠✉❧❛ ❛♥❞ s❡❧❧s ✐t t♦
❝♦♥s✉♠✐♥❣ ❝♦✉♥tr✐❡s ❛t ❛♥♦t❤❡r ♦t❤❡r ♣r✐❝❡ ❢♦r♠✉❧❛ ✭s❡❡ ❋✐❣✉r❡ ✶✶ ❢♦r t❤❡ ♠❛✐♥
♠❛r❦❡t✮✳ ❆♥♥✉❛❧ q✉❛♥t✐t② ❛♥❞ ♣r✐❝❡ ❢♦r♠✉❧❛❡ ❤❛✈❡ ❜❡❡♥ ❛❣r❡❡❞ ❝♦♥tr❛❝t✉❛❧❧②✱
t❤❡ ❧❛tt❡r ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢✉t✉r❡ ♣r✐❝❡s ♦❢ ♠❛❥♦r ❡♥❡r❣② ♠❛r❦❡ts ξt✱ s✉❝❤ ❛s
❝r✉❞❡ ♦✐❧ ♣r✐❝❡ ✭❖■▲✮✱ ♥♦rt❤ ❆♠❡r✐❝❛♥ ♥❛t✉r❛❧ ❣❛s ♣r✐❝❡ ✭◆❆ ◆●✮✱ ❛♥❞ ❊✉r♦♣❡
♥❛t✉r❛❧ ❣❛s ♣r✐❝❡ ✭❊❯ ◆●✮✳ ■♥ t❤❡ ♥✉♠❡r✐❝❛❧ t❡st✱ ✇❡ ❝♦♥s✐❞❡r t❤❡r❡ ❛r❡ t✇♦
❝❛r❣♦ s✐③❡s ✭2.9 ❛♥❞ 3.4✮ ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝❛r❣♦ ❛r❡ ❛❧✇❛②s ❢✉❧❧② ❝❤❛r❣❡❞✳
❚❤✉s✱ t❤❡ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡ ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t ❝❛r❣♦s ♦♥ ❡❛❝❤ r♦✉t❡✱
✐♥st❡❛❞ ♦❢ t❤❡ ▲◆● q✉❛♥t✐t②✳ ❚❤❡ ❞❡t❛✐❧ ♦❢ ❝♦♥str❛✐♥ts ❛♥❞ ♣r✐❝❡ ❢♦r♠✉❧❛❡ ✐s
s❤♦✇♥ t❤❡ ❚❛❜❧❡ ✶ ❜❡❧♦✇✳
❲❡ ❛ss✉♠❡ t❤❛t t❤❡ r❛♥❞♦♠ ♣r♦❝❡ss ❢♦❧❧♦✇s t❤❡ ❞②♥❛♠✐❝
ξit = (F
t
0)
i exp
(
t−1∑
s=0
σiW is −
1
2
(σi)2t
)
;
❘❘ ♥➦ ✼✽✻✽
❙▼■▲P ❜② ❉❉P ✷✹
❆❧❣♦r✐t❤♠ ✷ ✇❤♦❧❡ ❛❧❣♦r✐t❤♠
❙t❡♣ ✵ ■♥✐t✐❛❧✐③❛t✐♦♥✿
❜✉✐❧❞ q✉❛♥t✐③❛t✐♦♥ tr❡❡ (Γt)❀
s♦❧✈❡ t❤❡ ❝♦♥t✐♥✉♦✉s r❡❧❛①❛t✐♦♥ ♣r♦❜❧❡♠ ✭✸✮❀
nloop = 0✳
❙t❡♣ ✶ ❋♦r✇❛r❞ ♣❛ss✿
❢♦r m = 1, . . . ,Mf ❞♦
s✐♠✉❧❛t❡ (ξmt ) ❢♦❧❧♦✇✐♥❣ ❞②♥❛♠✐❝ ✭✶✮❀
❢♦r t = 1, . . . , T − 1 ❞♦
✉s❡ ❆❧❣♦r✐t❤♠ ✶ t♦ ❝♦♠♣✉t❡ uˆmt ∈ Z
n❀
❡♥❞ ❢♦r
❝♦♠♣✉t❡ vm =
∑T−1
t=0 ct(ξ
m
t )uˆ
m
t + g(ξ
m
T , xˆ
m
T )❀
❡♥❞ ❢♦r
❝♦♠♣✉t❡ v = 1
Mf
∑Mf
m=1 v
m ❛♥❞ σ(v) = 1
Mf
√∑Mf
m=1(v
m − v)2✳
❙t❡♣ ✷ ❇❛❝❦✇❛r❞ ♣❛ss✿
❢♦r t = T − 1, . . . , 1 ❞♦
❝❤♦♦s❡ Mb s❛♠♣❧❡s❀
❢♦r m = 1, . . . ,Mb ❞♦
❢♦r ξjt ∈ Γt ❞♦
s♦❧✈❡ s✉❜♣r♦❜❧❡♠ ✭✸✹✮❀
❝♦♠♣✉t❡ ♥❡✇ ♦♣t✐♠❛❧✐t② ❝✉t ((λx)jt , (λ
0)jt )❀
❡♥❞ ❢♦r
❢♦r ξit−1 ∈ Γt−1 ❞♦
❝♦♠♣✉t❡
∑
ξ
j
t∈Γt
pijt−1((λ
x)jt , (λ
0)jt ) ❛♥❞ ❛❞❞ ✐♥t♦ O
i
t−1❀
❡♥❞ ❢♦r
❡♥❞ ❢♦r
❡♥❞ ❢♦r
t = 0
s♦❧✈❡ s✉❜♣r♦❜❧❡♠ ✭✸✹✮ ❛♥❞ ❝♦♠♣✉t❡ ❜❛❝❦✇❛r❞ ✈❛❧✉❡ v✳
❙t❡♣ ✸ st♦♣♣✐♥❣ ❝♦♥❞✐t✐♦♥✿
✐❢ nloop ≤ N
max
loop
nloop = nloop + 1❀
❣♦ t♦ ❙t❡♣ ✶❀
❡❧s❡
st♦♣❀
❡♥❞ ✐❢
♦r ❡q✉✐✈❛❧❡♥t❧②
ξit+1 = ξ
i
t
(F t+10 )
i
(F t0)
i
exp
(
σiW it −
1
2
(σi)2
)
; ✭✹✾✮
✇❤❡r❡ F t0 ✐s t❤❡ ❢♦r✇❛r❞ ♣r✐❝❡ ♣r✐❝❡ ✇✐t❤ ♠❛t✉r✐t② t ♦❜s❡r✈❡❞ ❛t t✐♠❡ t = 0✱ σ
✐s t❤❡ ✈♦❧❛t✐❧✐t②✱ ❛♥❞ W i ❢♦❧❧♦✇s t❤❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ N (0, 1) s✉❝❤ t❤❛t t❤❡
❝♦rr❡❧❛t✐♦♥ corr(W it ,W
j
t ) = ρij ✳
❚❤❡ ❤♦r✐③♦♥ ✐s T = 6✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❞r✐✈✐♥❣ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ✐♥
t❤❡ t❡st ❛r❡ s❡t ❛s ❢♦❧❧♦✇s✿ ✈♦❧❛t✐❧✐t② σ1 = σ2 = σ3 = 40%✱ ❛♥❞ ❝♦rr❡❧❛t✐♦♥s
ρ12 = 0.7✱ ρ13 = 0.2 ❛♥❞ ρ23 = 0.4✳ ❚❤❡ ❢♦r✇❛r❞ ♣r✐❝❡ F
t
0 ✐s r❡❛❞ ❢r♦♠ t❤❡
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x01 2 3
Q
1
O
✭❛✮ Qint(x0, ξ = 0.5)✱ convQint(x0, ξ = 0.5)✱
Qcont(x0, ξ = 0.5)✱ ❛♥❞ Qcut(x0, ξ = 0.5)✳
x01 2 3
Q
−1
−2
−3
−4
✭❜✮ Qint(x0, ξ = −2)✱ convQint(x0, ξ = −2)✱
Qcont(x0, ξ = −2)✱ ❛♥❞ Qcut(x0, ξ = −2)✳
x01 2 3
Q
−1
−2
O
✭❝✮ Qint(x0)✱ convQint(x0)✱ Qcont(x0)✱ ❛♥❞ Q
cut
(x0)✳
❋✐❣✉r❡ ✶✵✿ ■♠♣r♦✈❡♠❡♥t ♦❢ ❡①❛♠♣❧❡ ✷✳✷✳ ❚❤❡ r❡❞ ❧✐♥❡ ✐s convQint(x0, ξ) ♦r
convQint(x0)✳ ❚❤❡ ❜❧✉❡ ❧✐♥❡ ✐s Q
cont(x0, ξ) ♦r Q
cont(x0)✳ ❚❤❡ ❣r❡❡♥ ❧✐♥❡ ✐s
Qcut(x0, ξ) ♦r Q
cut
(x0)✳
❡♥❡r❣② ♠❛r❦❡t✳ ❲❡ t❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ t❡st ✭s❡❡ ✐♥ ❚❛❜❧❡
✷✮✳ ❋✐♥❛❧❧②✱ ❲❡ ❜✉✐❧❞ ❛ q✉❛♥t✐③❛t✐♦♥ tr❡❡ ♦❢ 15000 ♣♦✐♥ts t♦ ❞✐s❝r❡t✐③❡ t❤❡ r❛♥❞♦♠
♣r♦❝❡ss ξt✳
■♥ t❤❡ t❡st✱ ✇❡ ❛♣♣❧② t❤❡ ❤❡✉r✐st✐❝ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹ ❛♥❞ t❤❡ ✐♠✲
♣r♦✈❡♠❡♥t ❜② t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ t❡❝❤♥✐q✉❡ ✐♥ ❙❡❝t✐♦♥ ✻✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡
t❤❡♠ t♦ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦✉♥t❡r♣❛rt ▼■▲P ♣r♦❜❧❡♠✿
inf
T−1∑
t=0
ct(E [ξt])ut + g(E [ξT ] , xT )
s✉❜❥❡❝t t♦ ut ∈ Z
n ∩ Ut,
xt+1 = xt +Atut,
x0 = 0, xT ∈ XT .
✭✺✵✮
❘❘ ♥➦ ✼✽✻✽
❙▼■▲P ❜② ❉❉P ✷✻
❋✐❣✉r❡ ✶✶✿ ❆ ✜❝t✐✈❡ s✉♣♣❧② ❛♥❞ ❞❡♠❛♥❞ ♣♦rt❢♦❧✐♦✱ ❛s ✇❡❧❧ ❛s t❤❡ ♣♦ss✐❜❧❡ r♦✉t❡s✳
N✿ ♣r♦❞✉❝✐♥❣ ❝♦✉♥tr②❀ •✿ ❝♦♥s✉♠✐♥❣ ❝♦✉♥tr②✳
P♦rt ❈❛r❣♦ ❙✐③❡ ❆♥♥✉❛❧ ◗❈✳✯ ▼♦♥t❤❧② ◗❈✳✯ Pr✐❝❡ ❢♦r♠✉❧❛✯✯
❈❛r✐❜❜❡❛♥ ✷✳✾✱ ✸✳✹ ❬✷✶✳✵✱ ✷✼✳✵❪ ❬✵✳✵✱ ✻✳✾❪ ◆❆ ◆●− 0.1
❙❝❛♥❞✐♥❛✈✐❛ ✷✳✾ ❬✶✷✳✵✱ ✶✽✳✵❪ ❬✵✳✵✱ ✸✳✵❪ 0.07❖■▲ + 1.0
◆♦rt❤ ❆❢r✐❝❛ ✷✳✾✱ ✸✳✹ ❬✹✼✳✵✱ ✺✸✳✵❪ ❬✵✳✵✱ ✶✷✳✽❪ 0.8◆❆ ◆● + 0.9
◆♦rt❤ ❆♠❡r✐❝❛♥ ✷✳✾✱ ✸✳✹ ❬✹✵✳✵✱ ✹✻✳✵❪ ❬✵✳✵✱ ✾✳✷❪ ◆❆ ◆●
❊✉r♦♣❡ ✷✳✾✱ ✸✳✹ ❬✸✸✳✵✱ ✸✾✳✵❪ ❬✵✳✵✱ ✾✳✷❪ ❊❯ ◆●
❆s✐❛ ✷✳✾✱ ✸✳✹ ❬✼✳✵✱ ✶✸✳✵❪ ❬✵✳✵✱ ✸✳✹❪ ✵✳✵✽❖■▲− 0.8
❚❛❜❧❡ ✶✿ ❈♦♥str❛✐♥ts ❛♥❞ ♣r✐❝❡ ❢♦r♠✉❧❛❡
✯ ❚❤❡ q✉❛♥t✐t② ✉♥✐t ✐s ✐♥ ❚❇t✉✳ ▼▼❇t✉ st❛♥❞s ❢♦r ❛ ♠✐❧❧✐♦♥ ❇r✐t✐s❤ t❤❡r♠❛❧ ✉♥✐t✱ ❛
❚❇t✉ ✐s ❛ tr✐❧❧✐♦♥ ❇r✐t✐s❤ t❤❡r♠❛❧ ✉♥✐t t❤✉s ❡q✉✐✈❛❧❡♥t t♦ ❛ ▼✐❧❧✐♦♥ ▼▼❇t✉✳
✯✯ ❚❤❡ ♣r✐❝❡ ✉♥✐t ✐s ✩✴▼▼❇t✉✳
❚✐♠❡ ❖■▲∗ ❊❯ ◆●∗ ◆❆ ◆●∗
✵ ✼✸✳✵ ✺✳✷ ✺✳✶✺
✶ ✼✸✳✺ ✺✳✸ ✺✳✸✵
✷ ✼✹✳✵ ✺✳✷ ✺✳✷✷
✸ ✼✹✳✺ ✹✳✺ ✹✳✺✶
✹ ✼✺✳✵ ✹✳✹ ✹✳✸✺
✺ ✼✺✳✺ ✹✳✸ ✹✳✸✸
❚❛❜❧❡ ✷✿ ❋♦r✇❛r❞ ♣r✐❝❡
✯ ξ1 = ❖■▲✱ ξ2 = ❊❯ ◆●✱ ❛♥❞ ξ3 = ◆❆ ◆●✳
❋✉rt❤❡r♠♦r❡✱ ✇❡ ✉s❡ ✭✺✵✮ t♦ ❣❡♥❡r❛t❡ ❛ ❝♦♥tr♦❧ ✈❛r✐❛t❡✳
❲❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ✭s❡❡ ❚❛❜❧❡ ✸✮✳
❚❤❡ ❝♦♥t✐♥✉♦✉s r❡❧❛①❛t✐♦♥ r❡t✉r♥s ❛ ❧♦✇❡r ❜♦✉♥❞ −32.3395 ❛♥❞ ❛♥ ✉♣♣❡r
❜♦✉♥❞ −31.9767✳ ❇❛s❡❞ ♦♥ t❤❡ ♦♣t✐♠❛❧✐t② ❝✉ts ❝♦♠♣✉t❡❞ ✐♥ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡
❝♦♥t✐♥✉♦✉s r❡❧❛①❛t✐♦♥ ♣r♦❜❧❡♠✱ t❤❡ ❤❡✉r✐st✐❝ ♠❡t❤♦❞ ✐♥ ❙❡❝t✐♦♥ ✹ ❧❡❛❞s t♦ ❛♥
✉♣♣❡r ❜♦✉♥❞ ♦❢ −13.8319 ❢♦r t❤❡ ✐♥t❡❣❡r ♣r♦❜❧❡♠✱ ✇✐t❤ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢
0.417892✱ ✇✐t❤ 5000 ❢♦r✇❛r❞ s✐♠✉❧❛t✐♦♥s✳ ❋✐♥❛❧❧②✱ ❛♣♣❧②✐♥❣ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡
t❡❝❤♥✐q✉❡✱ ✇❡ ❝❛♥ ✐♠♣r♦✈❡ t❤❡ ❢♦r✇❛r❞ ✈❛❧✉❡ ❢r♦♠ −13.8319 t♦ −17.0725✱ ❛ ❣❛✐♥
❘❘ ♥➦ ✼✽✻✽
❙▼■▲P ❜② ❉❉P ✷✼
✉✳❜✳ σ✭✉✳❜✳✮✯ ❧✳❜✳ ❞❡t✳ ❝♦✉♥t❡r♣❛rt ✈❛❧✉❡
❈♦♥t✐♥✉♦✉s ✲✸✶✳✾✼✻✼ ✵✳✻✸✽✼ ✲✸✷✳✸✸✾✺ ✲✷✳✷✵✹✾
■♥t❡❣❡r ✭❤❡✉r✐st✐❝✮ ✲✶✸✳✽✸✶✾ ✵✳✹✶✼✾ ✸✳✵✸✽✹
■♥t❡❣❡r ✭❝✉t✮ ✲✶✼✳✵✼✷✺ ✶✳✹✹✶✶ ✲✸✶✳✽✻✶✷ ✸✳✵✸✽✹
✯ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ✉♣♣❡r ❜♦✉♥❞✳
❚❛❜❧❡ ✸✿ ❝♦♠♣❛r✐s♦♥ ♦❢ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ✐♥t❡❣❡r
♣r♦❜❧❡♠
♦❢ ❝✐r❝❛ ✷✵✪✳ ❍♦✇❡✈❡r✱ ✇❡ ♦♥❧② ♦❜t❛✐♥ ❧✐tt❧❡ ✐♠♣r♦✈❡♠❡♥t ✐♥ ❧♦✇❡r ❜♦✉♥❞ ✈❛❧✉❡✳
❚❤❡ ♠❛✐♥ ❛r❣✉♠❡♥t ✐s t❤❛t ✇❡ st✐❧❧ ✉s❡ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❜❛❝❦✇❛r❞
♣❛ss ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ❞✉❛❧ ✈❛❧✉❡✳
❚❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦✉♥t❡r♣❛rt ✈❛❧✉❡ ✭✺✵✮ ❣✐✈❡s ❛ ❣♦♦❞ ✐♥s✐❣❤t ♦♥ t❤❡ ❣❛✐♥ ♦❜✲
t❛✐♥❡❞ ❜② ✉s✐♥❣ st♦❝❤❛st✐❝ ♣r♦❣r❛♠♠✐♥❣✳ ■♥ t❤❡ ❝♦♥t✐♥✉♦✉s r❡❧❛①❛t✐♦♥ ❝❛s❡✱ t❤❡
♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐s ♠✉❝❤ ❧♦✇❡r t❤❛♥ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦✉♥t❡r♣❛rt ✈❛❧✉❡✱
✇✐t❤ ❛ ❣❛✐♥ ♦❢ ❝✐r❝❛ −30✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❤❡✉r✐st✐❝ ♠❡t❤♦❞ ✐♥ t❤❡ st♦❝❤❛st✐❝
✐♥t❡❣❡r ♣r♦❜❧❡♠✱ ❛❧t❤♦✉❣❤ ♦♥❧② ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❝♦✉❧❞ ❜❡ ❣❡♥❡r❛t❡❞✱ ✐t ❧❡❛❞s t♦
❛ ❣❛✐♥ ♦❢ ❝✐r❝❛ −16.8 ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦✉♥t❡r♣❛rt ✈❛❧✉❡✳ ❚❤✐s
✐s t♦ ❜❡ ❝♦♠♣❛r❡❞ t♦ ❛ ❣❛✐♥ ♦❢ ❝✐r❝❛ −20.1 ❜② ✉s✐♥❣ t❤❡ ❝✉tt✐♥❣ ♣❧❛♥❡ ♠❡t❤♦❞✳
❚❤❡r❡❢♦r❡ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡ st♦❝❤❛st✐❝ ✐♥t❡❣❡r ♣r♦❣r❛♠
❧✐❡s s♦♠❡✇❤❡r❡ ❜❡t✇❡❡♥ −31.8612 ✭t❤❡ ❝♦♥t✐♥✉♦✉s r❡❧❛①❛t✐♦♥ ♦♣t✐♠❛❧ ✈❛❧✉❡✮ ❛♥❞
−17.0725 ✭t❤❡ ✐♥t❡❣❡r s✉❜✲♦♣t✐♠❛❧ ✈❛❧✉❡✮✳
◆❡✈❡rt❤❡❧❡ss✱ ❜✉✐❧❞✐♥❣ ❝✉tt✐♥❣ ♣❧❛♥❡ ✐s q✉✐t❡ ❡①♣❡♥s✐✈❡✿ ✺ ❤♦✉rs ♣❡r ✐t❡r❛t✐♦♥
✇❤❡♥ ✉s✐♥❣ Mf = 1000 s❝❡♥❛r✐♦s ✐♥ ❢♦r✇❛r❞ ♣❛ss ❛♥❞ Mb = 10 s❛♠♣❧❡s ✐♥
❜❛❝❦✇❛r❞ ♣❛ss✳
✽ ❈♦♥❝❧✉s✐♦♥
■♥ t❤❡ ❛rt✐❝❧❡✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ✉s✐♥❣ st❛❣❡✲✇✐s❡ ❞❡❝♦♠♣♦s✐t✐♦♥
❛♥❞ ❞✉❛❧ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ ✐♥ ♠✉❧t✐✲st❛❣❡ ❙▼■▲P✳ ❚❤❡ ♠❛✐♥ ❞✐❢✲
✜❝✉❧t② ❝♦♠❡s ❢r♦♠ t❤❡ ♥♦♥✲❝♦♥✈❡①✐t② ❛♥❞ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡
❢✉♥❝t✐♦♥ Qint(t, xt, ξt) ❛♥❞ ✐ts ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ Q
int(t, xt, ξt−1) ✇✐t❤ r❡✲
s♣❡❝t t♦ st❛t❡ ✈❛r✐❛❜❧❡ xt✳ ❲❡ r❡❧② ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❇❡❧❧♠❛♥ ✈❛❧✉❡
❢✉♥❝t✐♦♥ ❜② ✐ts ❝♦♥✈❡① ❤✉❧❧✱ ❛♥❞ tr② t♦ ❝♦♥t✐♥✉❡ t❤❡ ❙❉❉P ❛♣♣r♦❛❝❤✳ ❍♦✇❡✈❡r✱
t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✐s❝✉ss❡❞ ❤❡r❡ ✐s ❢❛r ❢r♦♠ s♦❧✈✐♥❣ ❡①❛❝t❧② ♠✉❧t✐✲st❛❣❡ ❙▼■▲P
♣r♦❜❧❡♠✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ t❡st s❤♦✇s t❤❛t ✐♥ t❤❡ ❡①❛♠♣❧❡ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✱
t❤❡r❡ ✐s st✐❧❧ ❛ ❧❛r❣❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❧♦✇❡r ❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞s✳ ❚❤❡ ❝✉tt✐♥❣
♣❧❛♥❡ t❡❝❤♥✐q✉❡ ✇❡ ✐♥✈❡st✐❣❛t❡ ❞♦❡s ②✐❡❧❞ s♦♠❡ ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ s✉❜✲♦♣t✐♠❛❧
s♦❧✉t✐♦♥ ❛♥❞ r❡❞✉❝❡s t❤❡ ❣❛♣✳
❘❡❢❡r❡♥❝❡s
❬✶❪ ❙✳ ❆❤♠❡❞✳ ❚✇♦✲st❛❣❡ st♦❝❤❛st✐❝ ✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣✿ ❆ ❜r✐❡❢ ✐♥tr♦❞✉❝✲
t✐♦♥✳ ■♥ ❏❛♠❡s ❏✳ ❈♦❝❤r❛♥✱ ▲♦✉✐s ❆✳ ❈♦①✱ P✐♥❛r ❑❡s❦✐♥♦❝❛❦✱ ❏❡✛r❡② P✳
❑❤❛r♦✉❢❡❤✱ ❛♥❞ ❏✳ ❈♦❧❡ ❙♠✐t❤✱ ❡❞✐t♦rs✱ ❲✐❧❡② ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢ ❖♣❡r❛t✐♦♥s
❘❡s❡❛r❝❤ ❛♥❞ ▼❛♥❛❣❡♠❡♥t ❙❝✐❡♥❝❡✳ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✱ ■♥❝✳✱ ✷✵✶✵✳
❘❘ ♥➦ ✼✽✻✽
❙▼■▲P ❜② ❉❉P ✷✽
❬✷❪ ❙✳ ❆❤♠❡❞✱ ▼✳ ❚❛✇❛r♠❛❧❛♥✐✱ ❛♥❞ ◆✳❱✳ ❙❛❤✐♥✐❞✐s✳ ❆ ✜♥✐t❡ ❜r❛♥❝❤✲❛♥❞✲
❜♦✉♥❞ ❛❧❣♦r✐t❤♠ ❢♦r t✇♦✲st❛❣❡ st♦❝❤❛st✐❝ ✐♥t❡❣❡r ♣r♦❣r❛♠s✳ ▼❛t❤✳ Pr♦✲
❣r❛♠✳✱ ✶✵✵✭✷✱ ❙❡r✳ ❆✮✿✸✺✺✕✸✼✼✱ ✷✵✵✹✳
❬✸❪ ❊✳ ❇❛❧❛s✱ ❙✳ ❈❡r✐❛✱ ●✳ ❈♦r♥✉é❥♦❧s✱ ❛♥❞ ◆✳ ◆❛tr❛❥✳ ●♦♠♦r② ❝✉ts r❡✈✐s✐t❡❞✳
❖♣❡r✳ ❘❡s✳ ▲❡tt✳✱ ✶✾✭✶✮✿✶✕✾✱ ✶✾✾✻✳
❬✹❪ ❱✳ ❇❛❧❧② ❛♥❞ ●✳ P❛❣ès✳ ❆ q✉❛♥t✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r s♦❧✈✐♥❣ ❞✐s❝r❡t❡ t✐♠❡
♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠s✳ ❇❡r♥♦✉❧❧✐✱ ✾✭✻✮✿✶✵✵✸✕✶✵✹✾✱
✷✵✵✸✳
❬✺❪ ❏✳❘✳ ❇✐r❣❡ ❛♥❞ ❋✳ ▲♦✉✈❡❛✉①✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❙t♦❝❤❛st✐❝ Pr♦❣r❛♠♠✐♥❣✳
❙♣r✐♥❣❡r✱ ◆❡✇ ❨♦r❦✱ ✷✵✵✵✳
❬✻❪ ❈✳❊✳ ❇❧❛✐r ❛♥❞ ❘✳●✳ ❏❡r♦s❧♦✇✳ ❚❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ ❛♥ ✐♥t❡❣❡r ♣r♦❣r❛♠✳
▼❛t❤❡♠❛t✐❝❛❧ Pr♦❣r❛♠♠✐♥❣✱ ✷✸✿✷✸✼✕✷✼✸✱ ✶✾✽✷✳ ✶✵✳✶✵✵✼✴❇❋✵✶✺✽✸✼✾✹✳
❬✼❪ ❏✳ ❇♦♥♥❛♥s✱ ❩❤✐❤❛♦ ❈❡♥✱ ❛♥❞ ❚❤✐❜❛✉❧t ❈❤r✐st❡❧✳ ❊♥❡r❣② ❝♦♥tr❛❝ts ♠❛♥✲
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